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This report is devoted to the study of some qualitative properties of solutions for 

a wide class of nonlinear partial differential equations. We consider the Cauchy prob-

lem for quasilinear parabolic second order equation with degenerating absorption co-

efficient − weight function (potential ( )h t ), the presence of which play the important 

role in the study qualitative properties of solutions.  

Investigation object – instantaneous compactification property of support of the 

solutions of parabolic equation. 

The goal of the work – to prove that Cauchy problem for quasilinear parabolic 

second order equation of divergent type has instantaneous compactification property 

of support of the solutions and to get the estimates of radius of compactification. 

So, we study the behavior of the energy (generalized) solutions of following 

Cauchy problem for the next type of a quasilinear parabolic equation with the model 

representative: 
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is energy (generalized) solution (1), (2), if  
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and satisfies integral identity: 
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for     1, 0,nx t C T   , such that   and t  are bounded and, besides,   

has compact support.  

Note here, that the existence of solutions in the above sense is well known from 

papers Bernis (1986 and 1988) in the case  
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where    0, 0, ,nx t T   0 ,T    1,n   0;q     1
, ,b x t u u u

  and opera-

tor A  has variation structure. 

So, as mentioned above, the main focus of the work is investigation of some in-

ner properties of solutions of a large class of nonlinear diffusion–reaction equations. 

Definition. The problem (1), (2) has the instantaneous compactification property 

of support of the solutions (briefly, the ICSS property) if for any 0t    the support of 

an energy (generalized) solution ( , )u x t  is bounded even if it is unbounded for 0.t   

The work of Evans and Knerr (1979) was the first where the ICSS property was 

systematically investigated in the case  

( ) 0, (0) 0, (s) 0 0.tu u b u b b s        

The authors found the precise conditions on the behavior of the function ( )b u  in the 

neighborhood of 0, which provide ICSS property for any nonnegative, continuous 

bounded initial functions 
0 0( ) : ( ) 0, .u x u x x   From the papers Kersner, 

Nicolosi (1992) and Kalashnikov (1993) we have results about ICSS property for 

one-dimensional equations like  

    0m p

t xx
u u g x u   , 1, (0,1),m p   

which was established under the following conditions:  

     0 0 11 , 1 , 0 (1 ), 0, c 0.iu c x g x c x p
 

  
 

        
It should be noted that this phenomenon (ICSS property) may occur in other im-

portant physical models. For example, Gilding and Kersner (1990) for the equation  
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had received the following theorem: if 

1

1
0 ( ) nu x cx


  when x , then 

1

0

1
( , ) 0, 0, , 0nu x t t c x x

n

     
 

 and ( , )u x t  has a compact support for 
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   Hence the phenomenon of instantaneous compactification holds under 
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  Analogous results were establish for the first order hyperbolic 

equation   0,n

t x
u u   0 1n  . Besides, for variational inequalities the ICSS 

pro-perty was investigated. But all of the mentioned results have been obtained for 

non-negative solution of second order equations and with assumption on initial func-

tion 0 ( )u x : 
0 ( ) 0,u x x   or 0 ( )u x  has a majorant. The main technique was 

the comparison principle (or maximum principle). To sum up, note here, that if 

0 ( )u x  does not have monotone majorant, then even for the simplest equation such as 

0,p

t xxu u u    0 1p   we cannot give answer about the behavior of solution 

as the maximum principle is inadequate.  

Method has been utilized throughout work is called “energy method” (see works 

Diaz, Veron (1985); Antontsev, Diaz, Shmarev (1995); Veron, Shishkov (2007)). The 

idea of this approach consists getting special inequalities linking different energy 

norms of solution. The analysis of these inequalities leads to the necessary results. 

Universality is one of the advantages of the energy method, because it can be applied 

to the higher order equations. This approach finds its reflection in next theorem con-

cerning the ICSS property of Cauchy problem for the mentioned above equation such 

as (1).  

Theorem. Let ( , )u x t  – is energy (generalized) solution of the problem (1), (2). 

Then in both of the cases:  

(a) 1,p   0 1   

(b) 0 ,p   where  
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 for 2;n   and 0 1p   for 2n   

the problem (1), (2) has the ICSS property (e.g., solution ( , )u x t  of the problem (1), 

(2) is bounded for 0.t  )    

We would like to remark, that the proof of this theorem is based on the method 

in the spirit of paper Kersner and Shishkov (1996): 

Step 1. In the integral identity (4) we substitute 
1( , ) ( , ) ( , )px t u x t x t    (where  

0   is special cut-off function), integrating by parts and after some transformations 

we make replacement: 
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 . Next, we apply Young’s, Holder, Gagliardo-

Nirenberg interpolation inequalities. 

Step 2. Prove, that 0 ( ) :s       

( , ) : ( , ) ( , ) 0 0 ( , ) 0,T T TH s E s I s w u x t         (5) 
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In order to complete proof of (5) enough to check three points:  



а) ( , )TH s  is non-negative function as 
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 , 0,w
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   hence, 

( , ) 0TE s   and ( , ) 0TI s  . To sum up, we have that  , 0 .TH s   

b) ( , )TH s  is non-increasing function as   0,TG s   when s , 0,w
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w

   hence, ( , )TE s  and ( , )TI s  are non-increasing functions. 

c) finally, we have to check inequality from analogue of lemma Stampakiya    

 ( , ), ( , ) ( , ), 0 1.H H s s H s H s            

The analysis of these inequalities leads to the necessary results. 

 

This work was financial supported in part by Akhiezer Fund. 

 

 

References 

 

1. Bernis F. (1986). Finite speed of propagations and asymptotic rates for some 

nonlinear higher order parabolic equations with absorption, Proc. Roy. Soc. Edin-

burgh. Sect. A, 104, 1—19. 

2. Bernis F. (1988). Existence results for doubly nonlinear higher order parabol-

ic equations on unbounded domains, Math. Ann, 279 (3), 373—394. 

3. Evans L.C., Knerr B.F. (1979). Instantaneous shrinking of the support of 

nonnegative solutions to certain parabolic equations and variational inequalities. Illi-

nois J. Math., 23, 153—166. 

4. Kersner R., Nicolosi F. (1992). The nonlinear heat equation with absorption: 

effects of variable coefficients. Journal of Math. Anal. And Appl., 170, 551—566. 

5. Kalashnikov A.S. (1993). On quasilinear degenerate  parabolic equations with 

singular lower order terms and growing initial conditions. Differensial’nye Uravneni-

ja, 29 (6), 999—1009. 

6. Gilding B.H., Kersner R. (1990). Instantaneous shrinking in nonlinear diffu-

sion-convection. Proc. Amer. Math. Soc. 109, 385—394. 

7. Diaz J.Ildefonso, Veron L. (1985). Local vanishing properties of solutions of 

elliptic and parabolic quasilinear equations, Trans. Amer. Math. Soc., 290 (2), 787—
814. 

8. Antontsev S.N., Diaz J.I., Shmarev S.I. (1995). The Support Shrinking 

Properties for Solutions of Quasilinear Parabolic Equations with Strong Absorption 

Terms, Annales de la Faculte des Sciences de Toulouse Math., 6 (4), 5—30. 

9. Veron L., Shishkov A. (2007). The balance between diffusion and absorption 

in semilinear parabolic equations, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. 

Rend. Lincei (9) Mat. Appl., 18 (1), 59—96. 

10. Kersner R., Shishkov A. (1996). Instantaneous shrinking of the support of 

energy solutions. Journal of Math. Anal. And Appl., 198, 729—750. 


	INSTANTANEOUS COMPACTIFICATION OF THE SUPPORT OF SOLUTIONS FOR NONLINEAR DIFFUSION-REACTION EQUATIONS

