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Introduction

This textbook is intended for foreign students of the preparatory
department of Simon Kuznets Kharkiv National University of Economics.

In the process of mastering the course of elementary mathematics,
students acquire the skills in solving problems envisaged by the school
program in mathematics in Ukraine

The purpose of the textbook is to remind and expand the basic
information on elementary mathematics in terminology and symbolism
adopted in Ukraine.

The textbook covers typical examples on all topics, according to the
program of the preparatory department. The presentation of the material
iIs accompanied by a detailed explanation of a large number of typical
examples; it also demonstrates skills and techniques for solving
problems of medium and high complexity, which are denoted by
the "*" sign.

Each topic begins with a brief theoretical introduction and a list of the
necessary formulas and contains a sufficient number of well-solved typical
examples of various degrees of complexity. At the end of each topic, tasks
are given for individual work with the answers placed at the end of the
textbook.

This is a concise edition, which presents basic notions, formulas, rules,
equations, problems, theorems, and methods on each of the themes in a brief
form.

The absence of proof and a concise presentation provide for combining
a substantial amount of reference material in a single issue.

The textbook is intended for a wide audience of high school graduates
(not specialized in mathematics) as well as graduate and postgraduate
students.

The first section of the textbook contains information on trigonometric
functions, properties of trigonometric functions, basic trigopnometric identities,
reduction formulas, trigonometric equations and systems of trigonometric
equations.

The second section of the textbook is devoted to logarithmic functions,
logarithmic equations, systems of exponential and logarithmic equations,
exponential inequalities and logarithmic inequalities.
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The third section of the textbook deals with limits and derivatives of
functions, the differentiation rules, the table of derivatives, investigation of
functions.

The fourth section of the textbook concerns antiderivative functions and
indefinite integrals, calculation of the area of a figure.

A compact and clear presentation of the material allows the reader to
get quick help on (or revise) the desired topic. Special attention is paid to the
issues that many high school graduates and students may find difficult to
understand.

When selecting the material, the authors have given a pronounced
preference to practical aspects; namely, to formulas, problems, methods, and
laws that most frequently occur in economics and university education.

For the convenience of a wider audience with different mathematical
backgrounds, the authors tried to avoid special terminology whenever
possible.

Therefore, some of the topics and methods are outlined in a schematic
and somewhat simplified manner, which is sufficient for them to be used
successfully in most cases. Many sections were written so that they could be
read independently. The material within subsections is arranged in increasing
order of complexity. This allows the reader to get to the heart of the matter
quickly.

The material of the textbook can be roughly categorized into the
following two groups according to meaning:

1. The main text containing a concise, coherent survey of the most
important definitions, formulas, equations, methods, and theorems.

2. For the reader's better understanding of the topics and methods
under study, numerous examples are given throughout the book.

For the reader's convenience, several mathematical tables, indefinite
and definite integrals are presented.

At the end of each subsection, a list of tasks for individual work on the
topics of interest to the reader are offered.

The material is selected in such a way that the course of Higher
Mathematics is sufficient for studying it.



1. The trigonometric functions

1.1. The definition of trigonometric functions

1. Aright triangle ABC is given (Fig. 1.1).
B

a

a
-
A 2 c

Fig. 1.1. The right triangle ABC

The sine of the acute angle o in the right triangle is called the ratio of
the opposite leg a to the hypotenuse C:

. a
SINo =—
C

The cosine of the acute angle o in the right triangle is called the ratio of
the adjacent leg b to the hypotenuse ¢:

b
CoSar =—.
C

The tangent of the acute angle o in the right triangle is called the ratio
of the opposite leg a to the adjacent leg b:

a
Qo =—.
ga b

The cotangent of the acute angle o in the right triangle is called the
ratio of the adjacent leg b to the opposite leg a:

Ctgazg.
a



2. A circle with a radius R is given (Fig. 1.2).

— M(x.y)

Fig. 1.2. The circle of the radius R

Let's consider the circle of the radius R with a center in the origin. Let's
mark an arbitrary point M with coordinates (X, y) on this circle and connect
it with the origin. The segment OM is called a moving radius of the point
M (X, y). Let it form an angle « with the axis Ox. Different angles (positive

and negative) can be formed with the rotation of the radius OM .
Using AOMN (Fig. 1.2) let's write the values of the trigonometric
functions of the arbitrary angle « :

sina =-=>; amazé; @azz; ctga =—.
R X

0 |<

3. A unit circle is given.
Since the values SN &, cosa, tga and ctga don't depend on the

length of the moving radius OM , then let's take it as equal to one, i.e. R=1.
In this case the circle is called a unit circle. Then the values of the
trigonometric functions are defined in the following way.

The sine of the angle a is called the ordinate of the point M (X, y) of

the unit circle:
sina=Yy.

The cosine of the angle a is called the abscissa of the point M (X, y) of

the unit circle:
COSo = X.

8



The tangent and the cotangent of the angle o are defined by the
relationships:

tga =% (cosa #0), ctgar = 2% (sin o # 0).
cosa sin o

1.2. The values of trigonometric functions of basic angles

Due to the introduced definitions of trigonometric functions it is possible
to calculate the values of the basic angles (Table 1.1).

Table 1.1
The values of trigonometric functions for basic angles

nglea s o s o Vs o s o o 37 o o
0" —[30 j —(45 ) —(60 ) —[90 j ﬂ(180 j —(270 j 27z(360 )
Functio 6 4 3 2 2
: 1 V2 V3
sina 0 — — — 1 0 -1 0
2 2 2
J3 V2 1
cos 1 = == - 0 — 0
“ 2 2 2 1 !
1
tga 0 i 1 V2 - 0 - 0
1
Clga - V3 1 Nl 0 - 0 -

4 2tg245° + ctgz60°

Example 1.1. Calculate: A = 5 5 .
3sin “90° — 4co0s“60° + ctg45°

Solution.

1 2 1
4—-2.1+ — -
(\/:—3) _4 2-|-3_z

A— — =_.
1\2 3-1+1 9
3-1—4-(2) +1




Example 1.2. Simplify the expression:

3
(asin Zj +ctg 3; +(bcos )3

A= 3 .
(a-coso°)2—ab-sin7r+b2+tg7r
2
Solution.
a’—b’ (a—b)-(a% +ab+b? +b?)
— 2 2 2 2 2 2 =a-b.
a“+ab+b“+b a“+ab+b“+b

Tasks for individual work

Task 1.3. Calculate the values of the expressions:

1) 2sin z+Zcos£—3tg£+ctg£;
3 4 3 6
2) 3—sin2£+2c032£—3tgz;
2 3 4

2§+m2§
4 3

27T

——1

4 J 3

Task 1.4. Simplify the expressions:

1-cos

3)

1+ 0082

1) 3a%sin 27 +b? tg0—2ab0037z+b2 sin 7 ;
2
2) 4a23in4%—6ab-t92%+(b-ctgzj ,

(Za cos60° )2 (b ctg 45° )2 (3absm 0° )2

(Sacosgo )2 +2asin 30° — 2bcos? 45°
Task 1.5. Plot the angles if:

3)

1) cosa=§; 2) cosa =—0.4;

3) sin ¢ =0.25; 4) sin ¢ =—0.5.
10



1.3. The properties of trigonometric functions

1. The signs of trigonometric functions (Fig. 1.3).

AR S
NN AN

sin o cosa tea,ctga

Fig. 1.3. The signs of trigonometric functions

For example, sin 300° <0, because the angle a =300° € 4th quarter

and cos300° > 0.

2. Evenness and oddness of trigonometric functions.

The introduced function cosine is even, but the sine, the tangent and
the cotangent are odd:

cos(—a) =cosa, sSin(—a)=-sina, tg(—a)=—-tga, ctg(—a)=-Ccigc.

Example 1.6. Calculate the expression:

s eulgrenl 5ol 3

Solution.

A=-sin z)+2tg(zj+c:os(zj+c:tg(zj :—1+2-1+1+0 = 2.
6 4 3 2 2 2

Example 1.7. Calculate the expression:

A = 4sin 2(—zj+9tgz(—z)—4cosz(—zj+160tgz(— zj .
3 6 3 4

Solution.

2 2 2
A= 4(— sin f) + 9(— tg Z) —4c0s? 2 + 16(— ctg Zj =
3 6 3 4

11



= 4sin Z(EJ + 9tg2(zj - 4c052(£j +16ctg2(zj =
3 6 3 4

2 2
= @ +9-(i) —4-(1j+16-1:3+3—1+16:21.
2 V3 2

3. Periodicity of trigopnometric functions.
Let's remember that the function y= f(X) is called periodic with

the period T = 0 if for any value X of the domain of the function definition the
following equalities are fulfilled:

F(x+T)=f(x=T) = f(x).

It follows from the definition of trigonometric functions on a unit circle
that the following functions are periodic:

sin @ =sin(a + 27)=sin(a +47)=...=sin(a+ 27 k), k e Z;
cosa = cos(ar + 27)=cos(a +4rx)=...=cos(a + 2z -k), ke Z;
tga=tg(atz)=tg(a+27)=..=t9(a+7z-k) keZ;
ctga =ctg(a+7)=ctg(a+27)=...=ctg(a+7-k) keZ.

We can see that the smallest positive period of a sine and a cosine
equals 27 ; for a tangent and a cotangent itis 7« .

For example, a) sin 1950° =sin (150° +1800° )= sin 150° + 360° -5)=

=sin 150°,
b) cos(— 315° ): cos(315° ): cos(360° —45° ): cos(— 45° )z cos(45° )z %

4. Boundedness of trigonometric functions.
It follows from the definition of the sine and the cosine that:

—1<sina <1, —-1<cosa<l or  [sina/<1, |cosal<1.

12



It follows from the definition of the tangent and the cotangent that:

—oo<fga < if cosa #0;
—w<ctga<owif sihna 0.

Tasks for individual work

Task 1.8. Define the signs of the following values:
1) sin170°; 2) cos300°; 3) tgl60°; 4) ctg315°;
5) tg450°; 6) sin 400°; 7) sin %z; 8) coség—n.
Task 1.9. Define the signs of the products:

1) sin170° -sin 120°; 2) cos210° -sin 210°;

3) c0s200° -sin110°; 4) tg140° - tg 220°;

5) sin150° - c0s150° - tg150°; 6) sin 320° - c0s125° - tg 250°.
Task 1.10. Calculate the expressions:

1) cos(- ﬁ)-cos(— %j'sm (_ ?%rj

3
2 —sin 2(— ”j _ cosz(— ”j
6 6/
1—2c052(—”j
6
4) 2sin (— zj +3005(— zj —SCtg(— zj +41g90.
6 2 4

Task 1.11. Simplify the expressions:

2 4 :
(acos2r)? - (b sin (— ZD

13
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2) (— asin (— 3?”)]3 +(ab-tg(27))* + (bcos0)*;

el

2a° cos(— g) +2abcos(—7) —b? tg(— 4)

Task 1.12. Define the sign of the expression if 0 < o < %
: 3 :

1) sin (% + a); 2) cos(g - a) . 3) sin(37 +a);

4y sin(2z —a); 5) cos(27z +a); 6) tg(— + aj

ral

8) sin (377[ + aj cos(7 +a)-tg(7 +a);

)
T
7) COS(E—aj tg 27z o ctg(

NN

9) C082(7Z'+0[)-t92(%+0[)-Ctg2(72'—0().

1.4. The graphs of trigonometric functions

1. The function y =Ssin X is given.

The basic properties are:

a) Xe (—oo;oo); b) ye [—1;1];

c) it's an odd function: sin( —X) =—sin( X);

d) it's a periodic function with the period T =27 .

The graph of the function y =Ssin X is given in Fig. 1.4.

14



Yy y=sinx

fon -3m2 -

Fig. 1.4. The graph of the function y =sin X

2. The function y =cosx is given.

The basic properties are:

a) Xe (—oo;oo); b) ye [—l;l];

c) it's an even function: cos(—x) = cos(X);

d) it's a periodic function with the period T =2r.

The graph of the function y =cos X is given in Fig. 1.5.

Fig. 1.5. The graph of the function y =cos X

3. The function y =1g X is given.
The basic properties are:

a) x¢%+ﬂn,nez;b) yE(—OO;OO);

c) it's an odd function: tg(—x) =—tg(x);
d) it's a periodic function with the period T = .

15



The graph of the function Yy =1g X is given in Fig. 1.6.

y4 ,
Py=1gx

v

Fig. 1.6. The graph of the function y =1g X

4. The function Yy =Ctg X is given.

The basic properties are:

a) X#m,ne’;b) ye(—oo;oo);

c) it's an odd function ctg(—x) = —ctg(Xx);

d) it's a periodic function with the period T = .

The graph of the function y =Ctg X is given in Fig. 1.7.

YN\ y=ctgx

N

0 x/2 X

Fig. 1.7. The graph of the function y =cCtg X

Tasks for individual work

Task 1.13. Draw the graphs of the functions:

; 2)y=(x/sin X)Z; 3) y=‘8!|n—x‘;

1) y =|sin X




4) y=sin x+sin X|; 5) y =|cosx|; 6) y=cosx—|cosx|;
7 y = (VeosxF: 8 y:\cosx\
COS X

11) y=1g X-Ctg X; 12) y =tg X +|tg X

;9) y=[tg X; 10) y=|ctg X{;

; 13) y =ctg x+|ctg X.

1.5. Basic trigonometric identities

A trigonometric identity is an equality which includes trigonometric
functions. It is satisfied with the help of arbitrary valid values of an angle or
argument of trigonometric functions.

The basic trigonometric identities are:

sin? o +cos% a =1; (1.1)
cga =% (sina#0); tga =2 (cosa #0) (1.2)
sin o cosa
Qo -ctga =1, (1.3)
2 2 _
1+tg°a = 7 1+ctg” a =— > (1.4)
Cos“ a sin“ o

Using these identities we can express other functions through a given
trigonometric function.

cos’a=1-sina; cosa=+V1-sinla; (1.5)
sina=1-cos’a; sina=+V1-cosla; (1.6)
1 1
tgo=——: Ccliga=—o; (1.7)
Clga g
2
) t
coszaz#z; sza:g_gt; (1.8)
1+t @ 1+19°

17



_ 12 37
Example 1.14. It is known that COS = —E, a e 727 :

Find: 1) sin; 2) Iga; 3) Cig .

Solution.

1) Using formula (1.5) and considering this condition (the angle o
belongs to the 3rd quarter, where Sin & <0, we have:

13 169 13

2
sin @ =—/1-cos® & =—\/1—(—Ej B>

z)tga:smazi_( 12) E.

cosa 13 13 12
3) ctgar =+ =22
tga 3)

|
N
Mm
7\
N[N
N
&__/

3
Example 1.15. It is known that {g « = s

Find: 1) Ctgr; 2) coser; 3) Sin a.

Solution. 1) ctg o = " 1 = é =—g;
ga -3,
, 2 1 1 16
2) using formula (1.6) we get COS™ o = > = =—, then
1+t9°a 1,9 25
16
4 . ”
Cosa =— 2—5 = —g; (according to the condition we have cosa <0,

T
because o € (Eﬂ')

3) sin 2 @ =1—cos? _1—E—3' Sina=+\/E=§.
25 25 25 5

Example 1.16. Calculate 3sin a+4-COSa’ if tg a = —%.

COSa —SIn @
18




Solution. Let's transform the given fraction with the help of the division
of the numerator and the denominator by COSc .

sin CoS«
3 +4

A:33ina+4cosa: COS _c03a23t905+4_
cosa —Sin o CoSa SN 1-tgox
COSa COSa
i 3-(—1j+4 9
Attga:—g A= 31 :4.
1+

3

Example 1.17. Prove the identity lr2sna-cosa _tga+l

sin®a—cos’a  tga-1
Solution. Let's transform the left part of the identity:

1+2sin @ -cosa  sin®a +00s” a +2sin a-cosa

sin % o —cos® & sin % o —cos’ a
~ (sin & +cosar)? _(sina+cosa)
(sin & —cosa)(sin o +cosar)  (sin @ —cos )

_(sina+cosa):cosa  tga+1
(sin o —cosax)

cosa  tga—1'
which was to be proved.

Tasks for individual work

Task 1.18. Calculate the values of the rest three trigonometric
functions, if

. 5 (371 j
NsSna=——, ae|—2r |
13 2

19



73]
2) COsa=——, ae|—,x|
17 2

3) tgozzE 0{6(72' 3—”)
13’ 2 )

7 (37[ )
4 clga=——, ae|—,2x |
24 2

- . 5
Task 1.19. Calculate Ll a+tga’ fSNa=——, «ace —Z,O .
1+ cosa 13 2

ino - :
Task 1.20. Calculate 3sin & - cosa ,if ctga = —2.

2sin 2 o —3cos o

tg o + Ct
Task 1.21. Calculate 9% Zga’ if tgo =~/3.

1+10°

3sin?x—3c0s’ X |
Task 1.22. Calculate ,if tgx =3.

25sin 2 x + 3¢0s2 x

Task 1.23. Simplify:

2 2

1) sinla+tg?a+cosla; 2) sin*a-costa+cos’a;

sin o N sina
1+cosa l1l-cosa’
cosa . \/1—sina+\/1+sin a
1+sina’ l1+sina Vl1-sina
Task 1.24. Prove the identities:

4a+sin2a-c052a+cosza:1;

2) V1+2sin a-cosa =|cosa +sin af;

3) (sin @ +cosa )’ +(sin @ —cosa )’; 4)

5 tga+

1) sin

sin 1
3) Clg o + =—;
1+cosa S«

4) sin? a(1+ctga)+cos? a(l+tg a) = sin a +cose;

1—(Sin @ +cosa)?
Sin « - CoS & — Ctgox
cos’a —sina .
6) _ =C0Sa —Sin «.
1+SIn o -Ccosa

5) = 2tg°a;

20



1.6. Theorems of addition

For finding the trigonometric functions of a sum and a difference of two

arguments the following formulas are used:

sin (& + 8)=sin - cos B+ cosa -sin B;

tgla+p)=; 22 0L

1-tga-tgpB’
ga-19p .

tgla— B)= ;
g(a p 1+tga-tg S
Ctga -ctgp+1

ctiglat f)= :
g(a 'B) ctgftctga

Example 1.25. Calculate Sin(a+,8) if sina:g;

ae(%,ﬂ); ﬁe(z,%”).

cosﬂ:—i'

(1.9)
(1.10)
(1.11)
(1.12)

(1.13)

(1.14)

(1.15)

13

: : . iy T
Solution. Let's find cosa and sin £ under conditions « € (E,ﬂ'j and

pe (7[,37”)

2 2
Then COSa =— 1—(§j :—i sin f=— 1_(_2)
5 5 13

Using formula (1.9) we get:

sin(a+ f)==-

2052

Example 1.26. Calculate cos15°.
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Solution. Let's write €0s15° =c0s(60° —45°). Using formula (1.12) we
have:

cos(60° —45”) = cos60° - cos45” +sin 60° -sin 45° =
142 3 V2 _J2.(3+1)
2 2 2 2 4 '

sinl45° +

sin (45" + a)— cos(45° +a
)+ cos(

Example 1.27. Simplify A= ( ppee ;
+a
Solution.

sin 45° . cosa +€0s45° - sin a)— (cos 45° . cosa —sin 45° -sin a)

| —

A: e
(sin 45° . cosa + c0s45° -sin a)+ (cos45° .COSa —Sin 45° -sin a)
V2 2 . J2 .
——.c0Sa+—-Sina |-| —-cosa ——— -Sin _

|2 2 2 2 _ﬁsma_tga
J2 2 J2 J2 . J2cosa
7'003&4‘7'8'”“ + 7COSO(—7SIHCZ

Example 1.28. Simplify %(Cosa ++/3sin a)

Solution.

1 i 1 .

= (coser ++/3sin &)= = cosex + B -

2 2 2

=€0s60° - cosa +sin 60° -sin o = cos(60° — a)
Example 1.29. Prove the identity:

J2cosa — 2cos(45° + a) ~
2sin (45" + o )-/2sin &

lga

Solution. Let's transform the left part of the equality:
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V2cosa — 2003(45" + a) _J2cosa - 2(cos45° -COS —sin 457 -sin a)
2sin (45" + a)—\/i sin o 2(sin 45° cosa —c0s45° sin a)— V2sin a

J2 J2
ﬁCOSa—22-003a+22-sma fZsina

= =0,
) ) 2
2(?cosa—fsm aj—\/ism a V2cosa

which was to be proved.
Tasks for individual work

Task 1.30. Calculate the most rational way:

1) cos75°-cosl5—sin 75° -sin15°;

2) sin 22° +sin 50° c0s28° — cos50° -sin 28°;

3) sin(10° + a)cos(20° — ) + cos(10° + &) - sin (20° — «x).
Task 1.31. Calculate:

1) sin(a— ) if COSaz—g,Sinﬂz—g—g, ae(ﬂ,%r]; ,86(3—7[,2%);

: 24 15 T\ 3_7r _
2) COS(a+ﬂ) if tga=—7,tg,6’=§, CZE(EJZ'), ﬂe(ﬂ, > ),

3) sin105°; 4) tgl5°.
Task 1.32. Simplify:

T T
1) sin a-cos3ax —Ccos« -Sin 3a; 2) Cos(a + E) + Cos(a - E)

cosa cos 5 —cos(a + f).
cos(a — B)—sin a-sin S’

3) cos(a + B)+cos(a— ), 4)

2sin ¢ - cos 5 —sin (- )
cos(a — f)—2sin a-sin B
Task 1.33. Simplify:

5)

1) sin15° +tg30° cos15’; 2) sin3a +tg %cossa;
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J3-1g20°

© 5) sin o ++/3cosa.
1++/3-1920°

3) c0s15° ++/3sin15°; 4)

Task 1.34. Prove the identities:
1) cos(a+ f)cos(a— B)=cos? a—sin? B;
2) cos(a +45° )— cos(a —45° )= —J2 sing;

3) 0.5-cosa + gsin o =Sin (30" + a)

sin (a — )
4)
COS« - COS f3

=g —19 f;

5) sina-(l+tga-tg%j=tga;

g 9a+19p sin (a + )
) == .
tga—tg B sin(a-p)

1.7. Reduction formulas

Reduction formulas make it possible to express trigonometric functions
of angles of the kind (%ia}, (7 +a), (%Tia), (2r+ea) through
trigonometric functions of the angle « using the reductions rules:

a) the trigonometric functions of the angles of the kind (%ia},

3 : : : :
(7i aj are transformed into the trigonometric functions of the angle «, but

of the opposite name (sine into cosine, cosine into sine, tangent into
cotangent, cotangent into tangent);

b) the trigonometric functions of the angles of the kind (7r+a),

(27zira) are transformed into the trigonometric functions of the angle o of
the same name;
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c) the sign of the obtained trigonometric function of the angle « is
defined by the sign of the initial function if the angle « is conditionally acute.
It is usefull to use the formulas of an additional angle:

. T . (7T
sina=cos| = —a |; cosa =sin| = —a |;
(2 j (2 j

ga = Ctg(%—a); Clga = tg(%—a).

For example,

sin 60° = cos(90° —60° ): cos30°; tg (73" ): ctg (90" -73 ): ctgl17”.

All the basic reduction formulas are given in Table 1.2.

Table 1.2.
Reduction formulas for trigonometric functions
agle x |00 —a) | (00 + @) | (180" ~«) |(180° +a) | (270" ~a) | (270°+a) | (360" ~a) | (360" +a)
T
_ 5 ¢ A 7T—a T+a 37 _ 3—ﬂ+a 2r—a | 2r+a
Function 2 2 2
sin x cosa | cosa sina. | —Sina | —COSa. | —COSa —sina sina
C0S X sina —sino. | —COSa. | —COSax | —Sin«x sina cosa cosa
tgx ctgo. | —ctga —tga tga ctga —ctga —tga tga
ctgx tga —tga | —ctga ctga tga —tga —ctga ctga
Example 1.35. Calculate sin 225°.
. H o - o o - o \/E
Solution. We have sin 225" =sin{180" + 45" |=—-sin 45 = 5

Example 1.36. Calculate:

sin 390° -sin 150° +¢0s210° - cos150° + tg 240° - tg 210°,
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Solution. We have
sin (360 °+30° )-sin (180 °~ 30 °) + cos (180 °+ 30 °) - cos (180° —30°) +
+19(270°-30° )-tg(180 °+ 30° )= sin 30 °-sin 30 °+ (- c0s30°)- (- cos30° )+
+ctg30° 1930 °=sin 230 °+ cos? 30 °+1=1+1=2.

Example 1.37. Simplify the expression:

tg(180° - &) cosf180° — o )- tg(90° —

A 90° +)-ctglo0” + ) tg(90° + )

(~tga)-(~cosa)-ctga

=1.
cosa-(—tga)-(-ctgar)

Solution. A=

Example 1.38. Simplify:

sin 515° - cos(— 475° )+ ctg 222° - ctg 408°

A=
ctg 415° ctg(-505° |+ tg197° - tg 73°

Solution.
sin (360° +155° )- cos(360° +115° )+ ctg(180° + 42° ). ctg(360° + 48° )

A ctg(360° +55° |- ctg(360° +145° )|+ tg(180° +17° )- ctg(90° — 73

_sin(155° ) cosf115° )+ ctg(42° )-ctg4a8°) -
~ ctg(55° |- ctgl145° )+ tgl7° ) ctgli7e)

_sin (180O —25° ) cos (90o +25° )+ ctg42° 19 42° _
ctg 55° (— ctg (90o +55° ))+ 1

_sin 25° -(— sin 25°)+1 ~1-sin?25° cos” 25°
—ctg55° (- tg55° )+ 1 2 2
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Example 1.39. Prove the identity:
cos(57z —a)-sin (72[ + a)

—0032(3—”—04) =cos’ g —sin?a.
3T

Solution. Let's transform the left part of the equality:

cos(5z —a)-sin (72[ + aj

tg(?;Z + a)tg(Zn +a)

—cos? o —sin?a,

which was to be proved.

2(37[ ) —COS¢-COSar . 9
—Cos°| ——a |= —sin“a =
2 —Clga-tga

Tasks for individual work

Task 1.40. Calculate the values using the reduction formulas.

1) sin135°; 2) ctgl50°; 3) cos240°; 4) tg320°;

5) sin299° +cos?81° +ctg? 315°;

6) tg18° -tg288° +sin 32" -sin 148" —sin 302° -sin 122°;

7) sin 575° - cos845° +sin 1405° - sin 1675° — tg 215° - tg 685° — tg2 35°.
Task 1.41. Simplify the expressions:

1) sin(180° — ¢ }+ cos(90° + ) tg(360° — )+ ctg270° - )

2) sin?(180° — )+ sin 2(270° — )+ tg(00° + ) ctg(360° — ot}

3) sin(5a —7)-cos(a —3x)+sin (5a —5,57)- cos(a +0,57);

tg(a —Zj —ctg(7 —a)+ cos(a —?’;)

K sin(z + )

. (37 T
SIn (2 — aj . COS(Z + aj
5) ;

tg(z - a) |
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sin (37 + ) cos(e’;Z = aj

6)

tg(7 - 2a)
Task 1.42. Prove the identities:
sin (o — 277 ) —sin (72[ - aj .
1) =§(1—ctg a)

T .
COS(2 — Olj +SIN o

sin(z+a) tgla—x) cos(2z-a)

2)
o ) )

=sin a.

1.8. Trigonometric functions of multiple arguments

1. Formulas of double arguments. If we consider formulas (1.9), (1.11),
(1.13) for sine, cosine and tangent of a sum of two angles and take a = f3,
we get formulas of double arguments:

sin 2a = 2siN a - COS & (1.16)
cos2a =Cos’ a—sin’a=1-2sin’a =2cos’ a—1: (1.17)
20 x
tg 2 =L2- (1.18)
1-10° «

2. Formulas of half arguments. Using formulas (1.17) we get two basic
formulas:

sinzazm; COSZOl:M; (1.19)
2 2
1—cos2a =2sin’a: 1+cos2a =2cos® a. (1.20)
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If the angle of the left side of the formula equals a half of the angle of
the right part of the formula, then these formulas are called formulas of half
arguments. These are formulas (1.19), we can rewrite them in the form:

ca l-cosa,

sin 5=, (1.21)
coszzzmzosa; (1.22)
2a _l-cosa (1.23)

2 1+cosa '

It is easy to show that

l1-cosa
sina

L
2
3. Formulas of triple arguments. One should know the basic formulas of

triple arguments:
sin 3¢ = 3sin o —4sin° a; (1.24)

cos3a = 4¢os® o —3cos . (1.25)

4. Expression of trigonometric functions through the tangent of a half
angle using the formulas:

sin o = —Za; COSa = ) (1.26)
1+tg% % 1+t9°
TR 95
1—tgZg
ga=— 2. (1.27)
2tgg
2

Example 1.43. Calculate the values without tables:
sin 75° -sin 15",
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Solution.
sin 75° -sin15° =sin (90" -15° )-sin 15° =cos15° -sin15° =
_2c0s15”-sin15° sin30° 1

2 2 4

Example 1.44. Calculate the values without tables:
4sin 18° -sin 306"
Solution.
4sin 18° -sin 306° = 4sin 18° -sin (270" +36° ): —4sin18° -c0s36° =
_ —4sin18"-c0s18”-cos36° —2sin 36" -c0s36°
- c0s18° - c0s18° -
_sin72° _ cosl8 _
cos18  cosl8

-1.

Example 1.45. Simplify:
1+sin 2cx — COS 2cx

1+sin 2a +cos2a

Solution. Let's transform the fraction:

1+sin 2 —cos2a  (1-cos2a)+sin 2a  2sin®a+2sin acosa

1+sin 2 +cos2a  (1+c0s2a)+sin 2 2cos? o + 2sin acosa

_2sinafsina+cosa) _sina _ e
2cosa(sin o +cosa) cosa '

5cosa -3 it 1 &

- tg—=3.
10sin ¢ +1 2

Solution. According to the formula (1.26) we have:

Example 1.46. Calculate

20 a
1-9°5 1.9 a4 . 295 5 3
COSax = = =——, SIN o = = =—,
1+th€ 1+9 5 1+th€ 1+9 5
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4
5.(_j_3
Then 5cosa—3 5 = _ 1

0sina+1 493,17 7
5
: . (04 200 . o2
Example 1.47. Simplify 1—cos ——37[)—COS —+SIn°—.
2 4 4
Solution. We have: 1— cos(% — 37;) —cos? % +sin? % =

=1-cos g—37r — cosZg—sinZg =1+cosg—cosg:1.
2 4 4 2 2

Example 1.48. Calculate the value tg112°30" without tables.

: : 1-
Solution. According to formula (1.23) tg @ _—ta we have:

sin

1-c0s225° 1- cos(1800 +45° ) ~1+cos45°

sin225°  sin(180° +45°)  —sin 45°

V2
:1+\/§4: 2_+J_/2§=—(1+\/§).
-2,

t9112°30' =

Example 1.49. Prove the identity:

sin? o + 2sin e cosa —cos* «
tg2a -1

=C0S2¢x.

Solution. Let's transform the left part of this identity:

sin? o/ + 2sin arcosar —cos* o 2sin arcosa —(cos® a —sin* )
_ B sin 2«
tg2a -1 _1
CoS2a
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_ 2sin acosa —(cos? & —sin? & Jcos? a +sin 2 )
- sin 2¢ — cos 2
COS 2

_sin 2a —C0s 2ax

~ sin 2a — oS 2
which was to be proved.

COS2a = CO0S 2,

Example 1.50. Simplify the expression:
3(sin 4 o +cos? a)— 2(sin ® & +cos® a).
Solution. We have:
3(sin * a +cos* a)— 2(sin ® & + cos® a)= 3(sin 4 o +cos* a)—
— 2((sin 2 05)3 + (0052 a)j = 3(sin 4 & +cos* a)— 2(sin 2 o +c0s? a)-

: (sin 4 o —sin? o cos? & + cos? a)z 3(sin 4 o +cos? a)— 2(sin 4 o +cos? a)+

2 2

+2sin 2 o cos a:(sin oH—COSZa)Z:l.

Example 1.51. Simplify:

1+cos(4a —27)+ 005(405 —~ ”)
A= 2

1+cos(4a +37)+ cos(4a + 3;)

Solution.

T
1+ cos(4a — 27 )+cos| 4o —— :
+00s(4e ~27)+ ( “ 2) _1+cosda +sinda

A= _ | _
1+cos(4a +37)+ 005(40: + 3”) 1-cosda +sin 4a

_ 2c0s% 2a +2sin 2a:c0s2ar 2008 2a(cos 2 +sin 2x)
2sin? 2¢r + 2sin 2cccos2a 2sin 2a(c0s 2ax +sin 2r)

= Ctg 2.
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Example 1.52. Prove the identity:
1-2c0s’

2tg(a —ﬁjsin 2(” + aj
4 4

Solution. Let's transform the left part of the identity:

=1.

1-2c0s” 2a 3 1-2c0s” 2a B
T . 27 T of T (7
21l a—— |sSin“| —+a | 2t — = lcos?| = —| = —
g( 4) (4 j g(“ 4) (2 (4 “D
1-2c0s® 2ax 1-2c0s? 2cx

2Sin(a_® cos2( 7 (7 _, Zsm(a_ﬁcos(“_ﬂ
cos(a_zj (2 (4 D

_1-2cos’2a  1-(1+cos2a) —cos2a
sin (Za—”j —sin (”—Zaj - cos2a
2 2

which was to be proved.

1,

Tasks for individual work

Task 1.53. Simplify the expressions:

1+sin2a¢  _ 4sin‘a+sin?2a
(sin o +cosa )’ sin & ’
cosda +1 ; 2) sin 200 cos2a.
ctga —tga sinow cosa

5) 2sin 2¢-cos2a - (c:os2 20 —sin? Za);
Sin 2 —2sin o .
cosa -1

6) 20052(%—aj—sin 20; 7)

sin l+cosa ) .
) +— -Sin 2¢;
1+cosax SIn &
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(4sin o -COSa - COS2a
sin % 2a — cos® 2
sin 6 | cos(6a — 7).
sin 2« cos2a

2 4
COS“ a —CO0S " «
11) [ —cos? oc}-4cos2 a;

j-ctg da;

10)

sin? o —sin“ &
(cos2a +sin 2 ) —(cos e +sin & f* +sin 2a .
(cos2a +sin 2a)-(cos2a —sin 2at)

cos® o — cos 3

12)

13)

sina +sin3a
Task 1.54. Calculate the values without tables:

1) sin 2a, COS2c, tg2« if sin & :g and « E(O;%);

2) sin g’ cosg, tgg if cosozzi and ae(o;fj;
2 2 2 52 2

g) 2C0SaF 2
10sin ¢ -1
4) (00315" +sin 15")2; 5) (cos 75° —sin 75°)2;
2tg15° 0
6) >0 7) cos 7 .sin 7 8) (tg255° —tg555° g 795" — tg195° }
1-tg“15 S S
9) \/Zan G=SN 20 4 ) (0:7)
25N a +SIn 2
Task 1.55. Prove the following identities:
1) 2sin a —sin 2« _ 2% o sin2a 1+cosa _0 %
2sin o +sin 2 2’ 1+c0S2c  COSe 2’
.3 . 3
— — Sin“a +SIn 3 COS” @ — COS 3
3) cos_a co§2a 1:ctg o 4) _ N _3
SN o —SIn 2« SN & CoSx

5) sin © 20,4+ cos® 20+ 3sin 2 .- cos? o =1
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1-cos(8x—-37) 1.
=——SIin 8.
tg2a —ctg 2

1.9. Transformation formulas

The formulas for transformation of a sum of trigonometric functions to a
product and formulas for transformation of a product to a sum.

1. For transformation of an algebraic sum of trigonometric functions to a
product the following formulas are used:

sin & +sin S = 2sin a;’g-cosa;'g (1.28)
sin ¢ —sin B =2sin a—p -cosa;ﬂ (1.29)
COSa+COSﬂZZCOSa;ﬂ-COSa_'B (1.30)
CoSa —Cos 3 = —2sin 2B sin a;b’ (1.31)
sin & + cosa =+/2sin (a +% (1.32)
sin @ —cosa =~/2sin (a—% (1.33)
ga+igp-n+h). (1.34)
COSc - COS 3
tga—tgf = sm(a—,B) ; (1.35)
COSc - CoS 3

Example 1.56. Simplify the expression:
sin 2« +sin 4 + Sin 6
oS 2¢ + CoS4a + COS6ar

Solution.
sin 2a +sin 4a +sin 6 (sin 6 +sin 2a)+sin 4a

oS 2a +Cosda +¢0s6ar  (COS6ar +C0S2ar)+ Cos 4a
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_ (2sin4acos2a)+sin d4a  sin da(2cos2a +1)
~ (2cosdacos2a)+cosda  cosda(2c0s2a +1)

tg4a.

Example 1.57. Transform the expression to a product:
tga+1g2a —1g 3.

sin 3o sin3a
COS«x -COS2a COS3cx

Solution. (tga +1g2a)—tg3a =

_ sin 3a-(cos3a —cos - cos 2cx)
~ CcOSa-CO0S2a-Cos3a
_sin 3a - (cos(a + 2a)— cos a - cos 2cx )
- COS & - COS 2¢x - COS 3
_sin 3¢ - (cosa - cos 2a —sin a - sin 2ac — coS & - COS 2 )
- CoSa - C0S 2¢x - COS 3

_sin 3¢+ (sin a -sin 2r)

= =—tga-192a-193c.
COS - COS2¢x - COS 3

Example 1.58. Transform the expression to a product:

2

sin? o +sin2 2 —sin 2 3¢ —sin 2 4.

Solution. Using the formula of reduction of the power sin % _1-cosc CZOS“

we get:

1-cos2a +1—cos4a _1—0036a B
2 2 2

sin o +5sin 2 2 —sin 2 3a —sin 2 4a =

—% = %(003805 +COS 605)—%(005405 +C0S2¢t) = CoS Tx - COS ax —
— 083 -CoSa = Cosa - (Cos 7o —€os3a ) = —2Cos & - Sin 5 - sin 2.

Example 1.59. Transform the expressions to a product:

a) 1+sin 2a +C0s2¢; b) J3-2sin c.
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Solution.

1+5in 2 + €05 2 = (L+€0s 2cx ) +5in 2¢x = 2¢05° o +

a) +2sin a-cosa =2cosa-(Sin a +Ccosa)=2cosa -~/2sin (OHEJ =

— 22 cosa -sin (a +%)

J3-2sina = 2[§—sin aJ = 2(sin 60° —sin a)=

— 4sin (30" _ ﬂ) 003(30" + ﬂ).
2 2

Transform the product of the trigonometric functions to a sum using the
following formulas:

b)

sin ¢ - cos 3 = %(sin (o — B)+sin(a+ B)); (1.36)
COScr-COS B = %(cos(a — B)+cos(a + B)); (1.37)
sin o -sin B = %(cos(a — B)—cos(a + B)). (1.38)

Example 1.60. Calculate c0s45° -cos15°.
Solution.

cos45° - cosl5” = %(003(60" )+ cos(30° ))z E(l + \/§J = V3 +1.

2\2 2 4
Example 1.61. Transform the expression to a sum:

o . 3
4C0S—-COS -SIn —.
2 2

Solution.

o . 3 a . 3a
4c0S—-COSx-SIN—=4-| cCOS—-SIN — |-COSx =
2 2 2 2

1( . (3a « . (3o « : :
=4-Z|sin| = -~ |+sin| = +— | |-cosa = 2(sin & +sin 2a)cosa =
2 2 2 2 2

37



: : i 1,. :
= 2sin ar CoSr + 2sin 2cx Cosa = sin 2a+2-§(sm 3a+sina)=
=Ssin o +5in 2 +Sin 3.

Example 1.62. Prove the identity:
cos? (45° — a)— cos? (60° + a)— cos(75° — Za): sin 2cx.
Solution. Let's transform the left part of the equality:

cos’ (45" — a)— cos? (60o + a)— 003(75o — Za):
_ 1+ cos(90° — Za)_ 1+ cos(120° + 2a)_
2 2
sin (75° + 757 — 2 )+ sin (75° — 20 — 75°)
2

_ %(sin 20— cos(90° +(30° + 2a)) - sin (180" — (30° + 22z ))+ sin 2a)=

= %(sin 2a +Sin (30o + Za)— sin (30° + 2a)+ sin Za): sin 2a.

which was to be proved.
Tasks for individual work

Task 1.63. Transform the expressions to a product:
1) cos152° +c0s28’; 2) cos48° —cos12°;

sin 75° +sin 15°

3) cos20° —sin 20°; 4) _ :
cos75° —sin 15°
5) sin o +SIN 2 +SiN 4o +Sin 5¢; 6) C0sba —cosda :
COS6c +CoS4a
7 Sin 6 —sin 4a 3 1-2cosa +CoS2a |
sin 6a +sin 4o’ 1+ 2cosa +cos2a’

9) c0s22° +€0s24" +c0526° +€0s28°;
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10) tg9° —tg27° —cos63” +1g81°;
11) 1+2cosq;
12) /2 +2sin ¢;
13) sin & ++/3cose .
Task 1.64. Transform the expressions to a sum:

1) 4cos % cosasin 5—0[; 2) 4cosgc03a0035—a;
2 2 2 2

3) sin a€cos2a cos3a; 4) COS 7o CoS3a —C0S8ar COS 2¢x;

5) sin (E + ajsin (Z — aj; 6) 400:3(£ — ajsin (£ + aj.
4 4 12 12

Task 1.65. Simplify the expressions:

Sin o + 2sin 3a +Sin 5 2) 1+sin 4a —cosda
sin3a +2sin5a +sin 7a’ ~ 1+sin 4o +cosda’
3) sin 2a —sin 3a +Sin 4a 2) Sin 2a —Sin 6¢cx +C0S 2 — COS6x

cos2 —cos3a +cosda | sin 4o — coSs4«a

cos(Za —~ Zj +sin (37 — 4ar) - COS(Z + 605)

5)

4sin (57 — 3 )- cos(a — 27)

sin* o —cos® . +cos’ o
2(1-cosa)

6)

7) 1-cos(2c — z)—cos(4a + z )+ cos(6a — 277

. T . . T
8) 4sin (— — ajsm asin (— + aj.
3 3

Task 1.66. Prove the identities:
Ccos6a —cosl0a

1) - = 2sin 2¢;
Sin 8«
2 (sin 2¢x +sin 6 )(cos 2 —cosbar) _ sin 4y
1-cos8«x
.2
3) Sin” 4a =2sin & -Sih 2¢;
2C0Sa + C0S 3¢ + COSha
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4) sin a + 2sin 3a + sin 5a = 4sin 3¢ - cos? «;

5) sin 2 +SiN 4o —Sin 6a = 4sin o -SiN 2¢ - Sin 3¢
200s% 2a ++/3sin 4a —1 _sin (405 +30°)

2sin? 2 ++/3sin 4o -1  sin (4a —-30° )

6)

1.10. The simplest trigonometric equations

The simplest trigonometric equations are equations like sin x=a,
cosx=a, t{gx=a, ctigx=a. Let's consider each equation.

1. The equation sin x=a. If [a>1, this equation doesn't have any
solutions. If \a\ <1, this equation has an infinite set of solutions, which are

defined using the following formula:
x=(-1)"arcsina+zn, neZ. (1.39)

In this formula the value arcsin a (arcsine of a) means an angle such
L . T
that its sine equals a, where —1<a <1. For example, arcsin 1= E

The properties of arcsin a:

-~ saresina< s arcsin (—a)=—arcsin a.

Let's remember the basic values of arcsin a:

.1 7z : ( 1) T N2 o : 2 T
arcsih==-—; arcsn|{ —— |=—— ;arcsih—=—; arcsin| —— |=——
2 6 2 6 2 2 4

4
.3 [ 3 7
arcsin — =—; arcsin| - — |=—-=.
2 3 2 3

Some particular cases of solving the equation sin X = a:

sin x=0 X=/m,nel; (1.40)

T

sin x=1 X=—+2m,ne’; (1.41)
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sin x=-1 x:—%+27zn,nez. (1.42)
Example 1.67. Solve the following equations:
a) sin(x—%) =-1; b)sin2x= —?.

Solution. a) using (1.42) we have:

X—£:—£+27zn; x:—%+27zn, neZ;

b) using formula (1.39) we get:
2x =(-1)" arcsin [— ?j +an=(-1)" (— zj +7n;
2X = (—1)””%+7m,

whence x =(—1)

2. The equation cosx=a. If [a|>1, this equation doesn't have any

solutions. If \a\ <1, this equation has an infinite set of solutions, which are

defined using the following formula:
X =zarccosa+2n, ne’Z. (1.43)

Here, the value arccosa (arccosine of a) means an angle such that its
cosine equals a, where —-1<a<l. The basic properties are:
O <arccosa <, arccos(—a)=rz—arccosa.

3 3 /Y
For example, arccos| —— |=x7 —arcCOS— =7 ——=—.
2 2 6 6
Let's remember the basic values of arccosa:
J3 57

N
arccos—— = —; arccos| —— |=— ;
2 6 2
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NV, J2 3T
arccos ~< = arccos| — 25 | =%
2 4 2 4
arccos+ = % arccos| — 1\ 2z
2 3 2 3

Some particular cases of solving the equation COSX =a:

cosx =0 x=%+27zn, neZ, (1.44)
cosx=1 X=2m,nel; (1.45)
cosx=-1 X=rm+2m,ne’l. (1.46)

Example 1.68. Solve the equations:
i T
a) 2cos2x=-1; b) sSin (3X — Ej =0.
Solution. a) Let's rewrite the equation like

cost:—l.
2
1 2
Whence x=iarccos(—§j+27zn=i§+27zn, neZ.
T
Then x=i§+27zn, ne’Z.

b) COS(BX — %) =0 is a particular case: 3x —% = % + 271,

T T T
X==4+—"+mM="+sn, and X=—+"— ne’.
6 2 3 9
3. The equations t{gX=a and CtgxXx=a. For any value of a the

equations have an infinite set of solutions, which are defined by the formulas:

a) X==xarctga+zn, ne Z (1.47)
—% <arctga < % arctg(—a)=—arctga, arctg(0)= % arctg(l) =

4
4 ]
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arctg(v/3)= % arctg(ij _Z

J3) 6
Some particular cases of solving the equations {gX=a and CigX=a.:

tgx=0 X=7,Nne”Z;

tgx=1 x=%+7zn,nez;

tgx=-1 x=—%+ﬂn,nez;

T

ctgx=0 x:§+7zn,nez;

ctgx=1 x:£+7zn,nez;

ctgx=-1 x=377r+7zn,nez.

Example 1.69. Solve the following equations:

a) 3tg(x—%j =./3; b) ctg4x = 3.

Solution. a) We have tg(x—zj :ﬁ, whence X—z :arctg£+7zn,
3 3 3 3
T T /4
X——=—+/mM=—+n,Nne’l;
3 6 2

b) ctgd4x =3, 4x=arcctg3+ zn, x:%arcctg?,wzn, neZ.

Tasks for individual work

Task 1.70. Calculate:

1) arcsin (— ?j + 2arccos(— ?]

2) arccos(— }j + 2arctg (— i)
2 V3)

43



3) barccos(—1)-12 arccos(?j -6 arccos(%}

4) arctg(—1)+arctg (— J3 )— arctgy (— %) —arctg 0;

5) 2arccos(—1)— 4arccos(§} +arctg (?j —arctg1l.

Task 1.71. Calculate the following expressions:

1) COS(ZCOS%} 2) tg(arccos%j; 3) cos{Zarcsin (— %)J
4) sin (arcsin EJrarccoslj; 5) COS| arccos —ﬁ +}arcsin @ :
2 2 2 2 2

Task 1.72. Solve the simplest trigonometric equations:
1) sin5x =1 2) 2sin10x—+/3=0; 3) 24/3c0s10x+3=0;

4) cos(x+£)=0; 5) tg(Zx—zjzo; 6) sin(Zx—z)z—l;
6 6 4
7) \/§tg(3x+%):l.

1.11. Methods for solving trigonometric equations

When solving more difficult trigonometric equations we take into
account that there is no single method for solving them. As a rule, such
equations can be reduced to the simplest equations using the substitution of

variables.
1. Solving the equations reduced to quadratic equations.
Example 1.73. Solve the following equations:

a) 2¢0s% X +5sin Xx—4=0; b) tg x +5ctg x = 6.

Solution. a) Let's substitute 1—Sin %X for COS°

with one trigonometric function sin x:
44
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2(1—sin2x)+sin X—4=0 or 2sin®X—5sin x+2=0.

Let's substitute sin x =t, where [t|<1: 2t* =5t +2 =0, whence t, = %
t,=2. The root t, =2 doesn't satisfy the condition [t|<1. sin x = % whence
x:(—l)”%wzn, neZ.

1
b) In this equation, tg x +5ctg x = 6. Let's substitute E for Ctg X:
X

5
tg X+t—X:6 or tg2x—6tgx+5=0, where tg X#0, i.e. X#zn. Lets

substitute tg X =t. Then t* —6t +5=0, whence t, =1, t, =5.
We have two simplest equations:

1) tgx =1, x:%wzn, neZz,;

2) tgx=5, x=arctgb+m,ne”.

2. Solving homogeneous trigonometric equations and equations
reduced to them. Let's consider some homogeneous equations of the first
and second orders:

a) a-cosx+b-sin x=0;

b) a-cosZ x+b-cosx-sin x+c-sin2x=0.

Such equations can be solved by dividing them by cosx=0 (in the

case a) and by COSZX;tO(in the case b). We don't lose roots, because

cos X =0 isn't the root of these equations.
Example 1.74. Solve the following equations:

a) +/3-5sin 2x +0s2x =0;
b) 3-sin 2
c) 4-sin 2

X —2-COS X -Sin X —C0S° X =0;
X —4-sin 2x +10cos? X = 3.
Solution. a) +/3-sin 2x+c0s2x = 0. It's a homogeneous equation of the

first order. Let's divide all the summands by cos2x and get:
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1 1
J3-t 2Xx+1=0, whence tg2x=—-——, and 2X=arct (——jwzn, or
) LN UG

2x=—z+7zn, x=—£+@, neZ.
12 2

X—2-C0OSX-SIN x—cos2

2 X=0. It's a homogeneous equation

b) 3-sin
of the second order. Let's divide all the summands by cos® X and get:
3tg2x—2tgx—1=0.

Let's substitute tg X =t into the equation. Then 3t* —2t —1=0, whence

t=11t = —1. Let's solve two simplest equations:
1) tgx =1, x=%+7zn;

1
2) tgx=—§, x=—arctg%+7zn, neZ.

c) 4-sin? x—4-sin 2x+10cos® x = 3.

Let's transform this equation to a homogeneous equation:

2 X—8-sin x-cosx+1Ocos2 x=3-(sin2 x+cos2 x),

2

4 -sin

or 4-sin“x—8-sin x-cosx+7coszx=0.

2

Let's divide it by cos“ X. If tgX =t, then t* —8t+7=0, whence t, =1,

t, =7. Let's get back to the variable X:
1) tgx=1, x:%+7zn,nez; 2) tgx=7, x=arctg7+m, ne’l.

3. Solving equations of the form f(Xx) =0 using the transformation of a
sum of functions to a product. It's one out of the ways of factorizing an
expression into factors of the left part of the equation f(Xx)=0. It allows us to
equate each factor to zero and reduce the equation solving the given
equation to a set of more simple or simplest equations.

Example 1.75. Solve the equations:
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a) cos7x+cos3x =0;

b) sin X +sin 2x +sin 3x =0;

C) COS2X —C0S8X +Ccos6Xx =1.

Solution. a) cos7x+cos3x =0.

Let's transform the left part of the equation to the product:
2c0s5x-cos2x =0, whence we get cos5x =0 or cos2x=0; i.e.

5x=£+7zn,and x1=£+@,nez.
2 10 5

2x =2 4 m, and x2:@+@,nez.
2 4 2

b) sin X +sin 2x+sin 3x=0.
Let's transform the left part of the equation to a product:

(sin 3x +sin x)+sin 2x =0;
(2sin 2x-cosx)+sin 2x =0;
sin 2x-(2cosx+1)=0;
sin 2x=0 or 2cosx+1=0.

From the first equation we get: 2X=7N, x = @ ne’Z.

27

2
: 1
From the second equation: cosx = 3 X= i?

+27mM, ne’.

C) C0S2X—Cc0os8x+cos6x—1=0.
Let's group the summands and transform each sum to a product:

(cos6x +cos2x)—(1+cos8x)=0,

2C0S4X - COS 2X — 2COS? 0,

4x =
2C0s4X - (cos2x —c0s4x)=0
2C0s4x - (sin 3x-sin X) = O.

Then we get three simplest equations:

cos4x =0, 4X:£+7zn, x:£+@,nez;
2 8 4

sin3x=0, 3x=n, x=?,nez;

sinx=0, X=m, nel.
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The solution X = zn is included into the solution x = % Therefore the

. hel.

solution to the given equation will be x = % + % or X = %

4. Solving trigonometric equations using the transformation of a product
of trigonometric functions to a sum.
Example 1.76. Solve the following equation:

. . T
SIn 2X -SIn 6X —SCOSE = COS X -COS3X.

Solution. Let's transform the left and right sides of the equation to
asum:

%[cos(6x —2x)—cos(2x +6x)]-3-0 = %[cos(x +3X)+cos(3x — x)]

COS4X —C0S8X = Cc0S4X +C0S2X; or cos8x + cos2x = 0.

Let's transform this sum to a product: 2C0S5X-c0s3X =0, whence

1) cosbx =0, 5x:%+7zn, x:£+@,nez;

2) cos3x =0, 3x=£+7zn, x=£+@,nez.
2 6 3

5. Solving trigonometric equations using the formulas of reducing a
power. The formulas of reducing a power have the form:

. 2 1—cos2x 2 1+ cos2x
sin X=T, COS“X=——.

Example 1.77. Solve the equation:

Sin X -SIN 2X + 0052 X =SIn 4x-Sin 5x + 0032 4x.

Solution. Let's apply the formulas of the transformation of a product of
functions to a sum and the formulas of reducing a power:
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l COS X + COS 3X +M:1 COS X —COS9X )+
2 2 2

1+ cos8x

After the simplification we get:

(cos9x —cos3x)+(cos2x —cos8x)=0.

Let's transform this sum into a product:

—2SIn 3X-SiNn 6X 4+ 2sin 5x-sin 3x =0 or
sin 3x - (sin 6x —sin 5x) =0,

2sin 3x-Sin X, COSQ =0.
2 2

Then we get three simplest equations:

sin3x=0, 3x=m, x:?,nez;

sinizo, E:7zn, X=2mneZ;
2 2

11x 11x =« T 27N
coS— =0, —=—+mn, X=—+——,nel
2 2 2 11 11

6. Solving trigonometric equations using the formulas:

2tg§
sinx=—22X, cosx=ﬁ.
1+tg° — 1+t —
J 2 J 2

2 X
1-tg° —
’ 2

Let's note that the use of these formulas can be reduced to the loss of a

: X X :
solution. It's known that th makes sense for —=—+7n, ie. for

X # 7 + 27m, therefore it is necessary to check whether these are solutions or

not, using the substitution of values X =z + 2zn into the given equation.
Example 1.78. Solve the equation: 3sin X +2cos x = 3.

Solution. Let's express sin X and COS X through tggz
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After the transformations we get the following equation:

2 X X
5t —-6tg—+1=0.
J 2 g2

Let's substitute tggzt into the equation. Then 5t°—6t+1=0,

t, =1 tZ:E.Weget: 1) tgzzl §:Z+7m, x:£+27zn,nez.
5 2 2 4 2
2) tgle,izarctglwzn, x:2arctg1+27zn,nez.
2 5 2 5 5

Then we should check whether there is a loss of roots or not. An

: . X :
unused formula is correct if > # % + 7, i.e. X =+ 27n. Let's check whether

these values X = 7 + 2zn are roots of the given equation:

3sin (7 +27m)+ 2cos(z +2m)=3, = 3sin 7 +2cosx =3,

or 5—2=3,i.e. X=x+ 2z are roots of the given equation.

7. Solving trigonometric equations including sin x+cosx or
sin X-cos X. Such equations can be solved with the help of the substitution of
sin X = cos X =t into the equation. Then, raising both parts of the equation to
the second power, we find Sin X -COS X .

Example 1.79". Solve the following equation:

12 —12(sin x +cos x)+5sin 2x = 0.

Solution. Let's substitute sin X +cos X =t into the equation and raise it
to the second power:
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sin 2 X + cos? X + 2sin x-cosx=t2, 1+sin 2x:t2, sin 2x:t2 -1.

The equation takes the form 12 —12t + 5(t2 —1)= 0 or 5t*—12t+7=0,
whence t, =1, t, :g.
The given equation is reduced to a set of two equations:
1) sin Xx+cosx=1 = sin Xx=1—CO0sX,

2sin 2 cos> = 2sin2 X = sin 5(cosi—sin 5) - 0.
2 2 2 2 2 2

a) sing:O =mn=>x=2m,ne’.

X

2

b) cosz—sin5=0,:>1—tg£=0:>tg£=1,
2 2 2 2

X T m=x="42mnez.
2 4 2
2) sin x+cosx=z, = \/ESin(X-Fz):z, sin(x+zjzi,
5 4) 5 4) 52
T n . 4 n . 7 T
X+—=(-1) arcsih —=+mm = Xx=(-1) arcsin —= ——+zn,n Z.
4 (1) 52 =) 5\/2

Tasks for individual work

Solve the following equations:

Task 1.80. 1) 2sin 2 x—3sin x+1=0;
2) 2¢0s? X —sin X +1=0;

3) tg? 2x —7tg2x +10=0;

4) cos? x —sin % x =sin x;

5) cosX+2cos2x =1.

Task 1.81. 1) sin Xx+cosx=0;

2) 2¢0s? X +5sin Xcos X —3sin 2 X =0;
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3) 2sin % x—5sin xcos x —8cos® x+2=0.
Task 1.82. 1) C0S5X = C0s3X;

2) sin 2x =sin 3x;

3) cosX —cos2x =sin 3X;

4) COSX +C0S3X + C0S5X =0;

5) sin X —sin 2x +sin 3x —sin 4x =0;

6) ~/3sin 2X + cos5X —Cos9xX = 0;

7) COS3X = ?cosx —%sin x =0.

Task 1.83. 1) cOoSX-C0S2X =Sin 7X-Sin 6X;
2) 2€0SX-SiNn 3X =Sin 4x +1;
3) sin 5x-cos6X +SiN X =SiN 7X - COS4X.

Task 1.84. 1) cos? X +sin 23x=1;

2) sin % X +sin 2 2x =sin % 3x;

3) sin 2 X +5sin % 2x —sin 2 3x —sin % 4x = 0;

4) 3sin(%—xj—4-sin(7z+x)-sin(%[Jrxj+80032§:4.

Task 1.85. 1) sin Xx—cosXx =1; 2) sin X+ 7C0sX =5;
3) 3sin X—2cosXx=2; 4) 7cosx—8sin x =11.
Task 1.86. 1) Sin X +SIn X-COSX + CoS X =1;

2) 5sin 2Xx +Sin X+ cosXx =1;

3) sin X+sin (377[+ x) =1-0.5sin 2x.

Task 1.87. Solve the equation using different methods of solving:
1) Sin X+C0S2X =2; 2) COSX+2C0S2X =1;

3) 3+5sin 2x =c0s4X; 4) tg3x—tgx=0;
5) Sin X +COS X =+/25in 5X; 6) 1+ 2C0S3X - COS X = COS2X;

7) sin 5X +sin X+2sin2x =1

8) sin 4x(1+ sin (% — 4XD = cos? (2x—7),
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9) sin 4 x+cos* x =sin 2x—0.5;
X 33X . : i .
10) cosE . 0037 —sin X-Sin 3X =sIn 2X-Sin 3x;
11) 1+sin 2x = (cos3x +sin 3x)°;
12) 4¢cos? x = 3sin 2x — 2sin 2 X;
13) 5(sin X +c0s x)* —12(sin X +cosx)+7 =0;

14) 4sin > X + 4sin ® x —3sin x = 3.
1.12. The systems of trigonometric equations

The systems of trigonometric equations can be solved with the help of
methods for solving algebraic systems.
Example 1.88. Solve the systems of the following equations:

. : 3.
sin x+cosy =1; sSin x-cosy:Z,
a) T b)
X+¥y=5, sin y-cosx:1
4

Solution. a) From the second equation we have x=%—y and
. (7
substitute it into the first one. We get: SIn (E—y}rcosy:l, or
1 T
cosy+cosy=1;2cosy =1, cosy=§, a y=i§+27zn,nez.

Let's find X. 1) If y:£+27zn, then X:Z—(£+2ﬂnj=£—2ﬂn.
3 2 3 6

T T T 51
2)If y=—""+272n, then X=_—| ——+27n |=——27N.
hy==-3+ 2 ( 3 ) 6
oY/ ( T
X=€—27m, ng_zma
Thus, < or -« ne’Z.

y:—z+27zn' y=£+27zn'
3 J | 3 1
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b) Let's add and subtract these equations:

sin X+ oS y +5sin ycosx =1, sin(x+y)=1,
: i or 5 . 1
sin x-cos y —sin ycosx =, sm(x—y)za,
X + y:£+27zn,nez,
2
whence -
x—y:(—l)'%wzl,l cZ.
The second equation with |=2K (even numbers) takes the form

x—y=%+27zk, keZ, and with I=2k+1 (odd numbers) gives

x—y=—%+27zk, keZ or x—y=%+27zk,kez.

Then we have two algebraic systems:

-

T T
x+y=§+27zn, x+y=§+27zn,
] or < .
x—y=z+27zk, x—y=—7z+27zk.
L 6 \ 6
Solving these systems using addition, we find:
X =2+ z(n+k); x=2—”+7z(n+k); neZ

X or <
Y=%+7T(n—k); y=—%+7z(n—k); keZ.

Tasks for individual work
Task 1.89. Solve the systems of equations:
. {sin X+siny=1

X+Yy=r;
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tgx+tgy=1

2) T
X+y:71

3 sin x-sin y =0.25;
cosx-cosy =0.75;

1

COS X -COS Y +Sin Xsin y—5
1.

SN X-COS Yy —Sin YCOSX =

Questions for self-assessment

. What trigonometric function is odd?
. What trigonometric function is even?
. How is the sign of a trigonometric function defined?
. What is a period of Sin X, COS X?
. What is a period of tg X, Ctg X?
. What is boundedness of trigonometric functions?
. Name the basic trigonometric identities.
. Name the basic theorems of addition.
. How are reduction formulas for trigonometric functions used?
10. Name the basic formulas of double arguments.
11. Name the basic formulas of half arguments.
12. Name the basic formulas of triple arguments.
13. Name the basic formulas for transformation of a sum of
trigonometric functions to a product.
14. Name the basic formulas for transformation of a product of
trigonometric functions to a sum.

© oo N 00 A WDN P

15. What is the solution to the trigonometric equation SN X =a?
16. What is the solution to the trigonometric equation COSX =a?
17. What is the solution to the trigonometric equation tgX=a?

18. What is the solution to the trigopnometric equation CtgX=a?

19. Name the inverse trigonometric functions.
20. What is a homogeneous trigonometric equation?
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2. Logarithmic and exponential functions

2.1. The logarithm

In mathematics, the logarithm is the inverse function to exponentiation.

It follows from the equation 2" =b , where a>0 and a #1, that X is the
exponent in which we have to raise the number a (the base) to obtain the
number b. This exponent is called the logarithm of a given number b to the
base d and is denoted as

Xx=log,b.

For example:

log,8=3; Iog3%:—2; I098%=—1.

If we substitute X=10g,b in the equation a* =b, we obtain a very

useful identity

al%%ab _p, 2.1)

which is called the main logarithmic identity.
The logarithm to base 10 (that is a = 10) is called the common (or
decimal) logarithm and is denoted as Igb. The main logarithmic identity for

common logarithms may be written as

10'9° = p, (2.2)

For decimal logarithms, you should remember the values that are often
used in solving a number of problems:

910 =1 Ig100 = 2; Ig 1000 = 3;
g0.1=-1 Ig0.01=—2; Ig0.001=—3,...
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2.2. Logarithm laws

1. Logarithms exist only for positive numbers, i.e. l0g 4 b exists only for

a>0,a=1land b>0.
2. The logarithm of a unit to any base a (a >0 and a #1) equals zero,
Le.,

log,1=0. (2.3)
3. The logarithm of a base to the same number equals one,

log,a=1. (2.4)
4. The logarithm of a product is the sum of the logarithms of the factors,

log ,(xy)=log, x+log, y, (x>0,y>0), (2.5)
log 4 (Xy)=log 4|X +log 4|y|, (xy>0). (2.6)

5. The logarithm of a quotient of two numbers is the difference of the
logarithms of the factors,

log, > =log, x—log,y, (x>0,y>0), (2.7)

Ioga(ﬁj: log ,|X|—log,|y|. (5>Oj. (2.8)
y y

6. The logarithm of the n-th power of a number is n times the logarithm
of the number itself:

<

log, x"=nlog,x, (x>0), (2.9)
log, x*" =2nlog,|x, (x<O0). (2.10)

Formulas (2.5 — 2.10) may be written in any direction.
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7. The value of a logarithm will not change if the base and the number
under the sign of the logarithm are raised to the same power:

log, x=1log , x". (2.11)

8. The following formulas allow you to move to a new base:

log B x=%loga X, (2.12)

log W X% = % log , x. (2.13)

9. The logarithm log 4 Xcan be computed from the logarithm log}, X
using the following formulas:

bgax::bgbx, (2.14)
log, a

log b= 1 . (2.15)
log,, a

Example 2.1. Calculate using the properties of logarithms:
1) 24+Iogz3; 2) 271—Iog32;

3) log, log, &/2;

4) /25'%956 4 4910978
5) log,5-log . 8.

Solution.

9710032~ 5-logy; 8 :E’
3) log, log, &/2 = Iogz(%log2 ij Iogzéz log, 273 =-3log, 2 =-3;
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4) /250956 | 4gl0078 _ /51002536 | 4glodao64 _ /357 64 = /100 =10:

5) IogZS-Iogz58:I0925-Iogsz 23 :Iogzs-glog52:Iogz5-gI0952:g.

Example 2.2. Calculate:
1) lg56,if lg2=a, log, 7=D; 2) logy, 27, if logg 2 =a.
Solution.

1)1g56=1Ig(7-8)=Ig 7+Ig8 = Ig 7+3Ig2:|:)09—270+3lg2:

2

=L+3a:ab+3a.

1
lg 2
3 3log 0
6
2)|091227:|09627_ logg3®  3logg3 2 _

logg12 logg(2-6) logg2+logg6  a+l
_3logg6-3logg2 3(1-a)

a+1l a+1l

Example 2.3. Simplify:
A=(log, b+log, a+2)log,b—log 4 b).

Solution. Let's move on to the base a in all terms using formulas (2.14)

and (2.15):
1 log. b
A=|log,b+ +2 | log,b- a =
( 72" log,, b J( ) loga(ab)]

logZzb+2log, b+1 log, b
= log, b -
log, b log,a+log,b
(log 4 b+1)* log 4 b(1+log,b)—log, b
log, b 1+log,b

2
_(log,b+1) logyb+logab—logab _ o0 1) joq b
log, b
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Tasks for individual work

Task 2.4. Calculate:

1
| 2:t1g16
1) 24+10023. 5y 5210956. 3y 11027 . 4 —log, log, ¥~/2;

5) 36'096 5 _101—Ig 2 _3Iogg 36; 6) 491—Iog7 2 n 5—Iog5 4;

I 5
7) 081+ 9'ogs8 |2

9) logs8,iflg5=a;lg3=nh.

; 8) log, 36, if log;, 9=m;

2.3. The logarithmic function

The function y=Ilog, X, (a>0 and a=1) is called a logarithmic

function. We note further the main properties of this function.
1. The domain of this function is a set of all positive numbers, i.e.,

D(y) = (0;+0).
2. The codomain of this function is a set of all real numbers, i.e.,
E(y) =R = (—o0;+00).
3. The function Y =log, X increases for a >1 and decreases for 0<a <1

4. 1f x=1, then log, Xx=0; i.e., its graph crosses the axes Ox at the

point Xx=1. The function graph for a>1 is shown in Fig. 2.1 and for
O<a<linFig. 2.2.

74 a>1 y 1 O<acx<l

n| /1 3c O\'x
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Fig. 2.1. The base a >1 Fig. 2.2. The base O<a <1
Example 2.5. Plot the graphs of the functions:

1) y =log,(x+1); 2) y =|log X
3) y — 1/2'092 X2 : 4) y =3|Og3(1—X2).
Solution.

1) The domain of the function Yy =log 2(X+1) can be found from the

condition X +1> 0, wherefrom the domain is x > —1.
This function is increased in the domain. Let's also calculate y in the

point x=1: y=log 2(1+1):1. The graph is represented in Fig. 2.3.

2) Let us previously plot the graph of a more simple function y =log, X,

and then use the rule for plotting the function module y =|f ()| (Fig. 2.4).

lly ylk

a>1 O<axl

Fig. 2.3. The graph of function 1) Fig. 2.4. The graph of function 2)

3) Let's simplify function 3) as follows:

y=\/2'°‘9’2>‘2 _Jx? =

The graph is represented in Fig. 2.5.

 X#0.

X
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Fig. 2.5. The graph of function 3)
4) Let's simplify function 4) as follows:
2
y=3°0%) 1 %2 1-x?50,

l.e., this function is a parabola. The graph is represented in Fig. 2.6.

A

Y1 yzl—xz,l—x2>0

X -1 ] X
Fig. 2.6. The graph of function 4)
Tasks for individual work
Task 2.6. Find the domains of the functions:

1) y = log4(6—4x),
2) y=lg(x+8)—2log (4 - X);

62



4) y =log 2(x2 —2x)

Task 2.7. Plot the graphs of the functions:
1) y=log,(x—2),
2) y=log,|x—2

3) y = 3'093()(_1);

4) y=log, x+|log , X|.

2.4. The exponential function

An exponential function is a function of the form
y=a*,(a>0,a=1),

where a is a positive real number, in which the argument x occurs as
an exponent.

The main properties

1. The domain: D(y) = (—oo}+0).

2. The codomain: E(y) = (0;+o).

3. If x=0, e =1. l.e., the graph of the exponential function crosses
the Oy axis at the point y =1.

4. If a>1, the exponential function is increased (Fig. 2.7); if O<a <1,
the exponential function is decreased (Fig. 2.8).

A
d <]

v
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Fig. 2.8. The graph of

Fig. 2.7. The graph of
the exponential function if O<a <1

the exponential function if a>1
Example 2.8. Plot the graphs of the function:

X
1) y=2% 2) y=2"" 3y y=2; 4 y=@ -

Solution.
1) The graph is depicted in Fig. 2.9.

Fig. 2.9.The function y = 2"

2) To plot the graph of the function Y = px1 we can move the graph of

the function y = 2" to the right-hand side by 1 (Fig. 2.10).

y — 2)(-_1

»
»

X

Fig. 2.10. The function y =2""1

3) We use the module definition and transform the function y=2X
graph to obtain the function y = Z‘X‘ graph (Fig. 2.11).
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yl

——

v

Fig. 2.11. The function y =2

4) We use the modulus properties here:

X —X
x>0, yz(%j L if Xx<0 yz(%j =2%,

Then we obtain the simple exponential functions: y:2_x for x>0 and

y =2"for x <0, Fig. 2.12.

y 4 y = Z_le
\ I/
N\ /
N '

\\ ’/
\~~1 ”/
__/\-_-_

0 x

Fig. 2.12. The function y = o

2.5. Exponential equations

An exponential equation is the one in which a variable occurs in the
exponent. The simplest exponential equation of a general form is the

equation:

a' () —p9) (a>0,b>0,a=1b=1), (2.16)
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which is equivalent to the equation:
f(x)=log, b-g(x). (2.17)

ifa’™ =a%™ then the solution is very simple: f(X)=g(x).

We consider the methods of reducing exponential equations to more
simple equations in the following examples.

Example 2.9. Solve the equations:

1) 2X=5: 2) 22X +x6 _1. 3y g3X _ 216

X—3 X
2) 3X(1j =(i] - 5) 2 3.5 3 _001.(10°1 .
3 27

Solution.
1) Using formula (2.17), we have: x=log, 5;
2) Let us transform both sides of the equation to base 2:

VX6 _ 20 o 9y2 v 60,

Then the solution is

X1=—2, Xlzg.

3) From 65X = 6 we have 3— X = 3. Then the solution is X =0.

4) Let's move on to base %:
—X X—3 3X —X+X-3 3X
(%) (%) = (%) , (%) = (%) . 3X=-3, wherefrom
X =-1.

5) Let's move on to base 10:

2 2
10X 3 =1072.10%3, 10" 3=10"2"3"3 x2-3=3x-5, x> -3x+2=0.
Then Xl == 1, X2 - 2
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Example 2.10. Solve the equations:

1) 2¥°-2% =112, 2) 5* 5% =24
3) 4.3%2 5.3 7.3 —180; 4) 3 _2.5%2=5%_2.3%

Solution.
1) We transform the equation using the property of powers

m

am™n _gm.g".

2%.2% 2% =112, 2*(8-1)=112; 2*.7=112;
2% =16; 2*=2% x=4.

m
2) We use the property of powers (a™™" :a—):

an

5 =24, 5X(1—5i2)=24, 5X%=24; 5% =25,

wherefrom X = 2.
3) We transform the equation:

4.3%.32 15.3*-7.3%.3=180; 3%(36+5-21)=180;
3X.20=180; 3*=9; x=2

4) We collect the powers with the same base in different parts of the
equation:

X
P+ _0.5%2 _gX_2.3% 3X-3+2-3X=5X+2-5—2,
5

X X 3
5.3% =g5*% 1+£ 1 5.3X:5X(§j, 3_22; (§j :(§j ,
52 25) 5% 125 5 S
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wherefrom X = 3.
Example 2.11. Solve the equations:

1) 5% -23.5X=50; 2) 4*_10.-2*1_24=0;
3) 3.%81-10-¥9+3=0; 4) 9 *+_36.3¥313=0,

Solution.
1)We denote 2°=t,(t>0). Then the equation 5% —23.5* =50

converts to the quadratic equation: t2 - 23t—50=0, wherefrom
t, =25,t, =—2 <0, and then 5% =25; x = 2.

2) We transform the equation and change the variable 2* =t (t > O).
Then,

X

22X—1o-7—24=o, 22X _5.2X _24-0, t>-5t—24=0,

t; =8,t,=-3<0, 2°=8, x=3.

3) We change the variable, §/§:t, where t>0 due to the root
definition. Then:

3t2—10t+3=0, t1:3,t2:%ezN, and from %/9 =3 we obtain x = 2.

1 . 1 : . -
The second root t, :§ gives x:—E, which does not satisfy the original

equation. The solution is x = 2.
4) We transform the equation as follows:

320¢-1) _36.30*1}2  3_¢
3(X2—1)

32
32¢1) _4.30¢1) 3¢

320°-1) _3q. +3=0,
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i.e., the set {— x/E;—l;l;\/E} is the solution.
Example 2.12. Solve the equations:

1) 9X +6% =22*. ) 2.25% _5.10¥+2.4* =0.
Solution.

1) After the power transformations, it is obvious that the equation is
homogeneous with respect to 2* or 3%:

3% 4 2%.3=2%%.2,

We divide, for instance, the left and right sides of the equation by 22X 5 0,

2X X X
(é) +(§j —2 =0, and then: (§j =t (t > O);
2 2 2

X
t? +t-2=0; t; =1, t,=-2<0, @j =1=x=0.

2) We divide all terms by 4*:
X X 2X X
(2] -5 () v2-0,2(3) -5 (2] 20
4 4 2 2
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Let,

5Y)" o2 . 1
> =t(t>0) 2t°-5t+2=0; t;=2, =2

Then, the solution is:

§X=2’ _X=|Og§2, _X:|0952’

2 2 9

5 X_l_ leog5l; X=|0932
_E =5 ] 52 i 5

Tasks for individual work

Task 2.13. Solve the equations:
1) 5X° —8x+12 _1 2 oX* . X _8 3) 5X4=g*4 g 30.5(x-5) =33
5) 2X2—135X+1810 :1024 6) 10X—‘\/ X2—5X+1 :1000 . 7) 3X—\/3X—5 — 27

6—
8) (105—x) X ~100; 9) gVx+¥x-12 _y. 10) 3001%-05x-25 _gq J3:
11) (0.5)¢ 223 g4

Task 2.14. Solve the equations:
1) 51 185% =150; 2) 2% 42X 2 4 2% 3 = 448;
3) 323 _32x2 32X _g75. 4y 5.2V _3.0V% 1 g
5) 2_3x—1 _3x—2 :5x—2 +4.5x—3. 6) 52x—1 +22x _52x +22x+2 —0

7) 7. 3x+1 . 5x+2 _ 3x+4 . 5x+3
Task 2.15. Solve the equations:

1) 9¥-8.3-9=0; 2) 2.7 -5.49% +3=0;
3) 2VX _5.205VX _o4: 4y 2.4%X _17.4% 48=0;
5) 51X _5X" _ o4 g) 521, 5x+ _ o,
7) 220%1) _oVx _g_ 0. g) 42 11621022
9)2" +8.27¥ =16.5.

70



Task 2.16. Solve the equations:
1) 3-4°-5.6+2.9%=0; 2) 125-25°-70-10" +8-4* =0;
3) 37" 4 45.6% —9.2%*2 =0; 4) 25% -10% =27+,

5) 2% -5.6%+32*" =0; 6)’ (\/7+J4_8)X+(\/7—J4_8)X=14.

2.6. Logarithmic equations

An equation containing a variable under the logarithm sign is called a
logarithmic one. The simplest logarithmic equation of a general form is the
following one:

log, f(x)=log, g(x),(a>0,a=1), (2.18)

which is equivalent to the system
{g(x) >0,
f(x) =g(x).

A special case of equation (2.18) is the following:
og, f(x)=k < f(x)=ak. (2.19)

Let's look at some methods of reducing the logarithmic equations to the
simpler ones through examples.
Example 2.17. Solve the equations:

Dloge , (2x% —5x+31) = 2; 2) log,(x? —4x+3) = log,(3x + 21);
5—-X 3 3

3) Ig(2x) = 2lg(4x—15), 4) log 1 (x +6) = log , ; (4x* —3x)

Solutions.
1) This equation is equivalent to the system

2x* —5x+31=(5-x)?,
5—-x>0,
5-x=#1.
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A solution of this system: is

x2+5x+6:(5—x)2, Xg =—2, Xo=-3
X <50, X <5,
X#4, X # 4.

wherefrom X, =-2, X, =-3.
2) Equation (2) is equivalent to the system:

3x+21>0, X>—7, X>—7
5 &9, &
X*—4x+3=3x+21 X“—7x-18=0 Xp=-2, Xo=09.

Both roots, X, =-2 and X, =9, satisfy the inequality x >—7. Because of
that, these roots are the solutions of equation (2).

3) Equation (3) is equivalent to the system:

4x—15> 0, 4x—-15>0,
2 < 2
lg 2x =Ig(4x—15)". 2X = (4x—-15)".

Let us consider the last equation of the second system:

2x =16X° —120X+225 <> 16X° —122x+225=0,

wherefrom: xlzg, X5 =%. Only xlzg satisfies the inequality

4x —15> 0 and therefore it is the solution of equation (3).
4) The equation

log,_1(x* +6) =log,_4 (4x2 - 3x)

IS equivalent to the system:
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X°> +6>0, (xeR,
X—1>0, X—1>0,

3 < A

Xx—-1=+#1, X—1=#1,

| x® +6=4x"-3x. x> =x-2=0.

Values x; =2 and x, =-1 are the solutions of the system but they do not

satisfy the inequalities x>1 and X # 2. Therefore, equation (4) has no
solutions.
Example 2.18. Solve the equations:

1) log;(x+1)+log3(x+3) =1 2) lg(x-1)+Ig(x+1) =3lg2+Ig(x—2);
3) log,(x+1)? +log,|x+1=6; 4) lg(x—-1)%-3Ig(x—3)=1g 8.

Solution.
1) Let's find the domain of the logarithmic functions:

& x> -1,
X+3>0

{x+1>0,
We remove further the logarithms:

log;(Xx+1) +log3(x+3)=1 (X+1)(x+3)=3

x2+4x:0; X1 #0, Xy =—4.

Answer: X =—4 does not belong to the domain. Therefore, the solution
of equation (1) is x =—1.

2) We rewrite the equation taking into account that 3lg2=1g8:
lg(x-1)+Ilg(x+1) =Ig8+Ig(x—2).

We remove further the logarithms:
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(lg(x—1)(x+1) =g 8(x—2),
x—1>0, x% —1=8x-16,
. &
X+1>0, X>2
(Xx—2>0.
&S & &
X>2 X> 2, X=D5.

Answer:X=3,X=5.
3) Consider the equation:

log, (x+1)% +log »[x +1 = 6.

The domain of the logarithmic functions is X+1= 0. That is, X = —1.
Equation (3) is equivalent to the following equation:

2log,|x+1 +log,|x +1 =6 = 3log,|x+1 =6,

og,x+1=2= |x+1=4 =

X+1=4, X =3,
= [x+1:—4 = [x=—5.

Answer: X=3,X=-b.
4) We transform the equation with the aid of the logarithm rules:

3lg(x—1)—-3lg(x-3)=3g2 = l(x-)=lg2+lg(x-3) =

lg(x—1) =lg 2(x —3) oy _
:{x—1>0, 3{§;%—2x 5 :>{X_5

X—3>0,

Answer. X =05,
Example 2.19. Solve the equations:

1) log5 x—3log, x—4=0;
2) 3lg x> —lg*(-x)=9;
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1 2
3) + =1.
5-lgx 1+Igx

Solution.
1) In this equation x > 0. We make further the replacement l0g s X=1.

Then t? —3t—4 = 0, wherefrom t; = 4;t, =—1. Let's move on to the variable X:

log , x=4, x=16,
log, x=-1 x—E
2 . 2.

Answer: x =16;x =0.5.
2) In this equation X < 0. Then:

6lg|x —1lg*(—x)—9=0, 6lg(-x)-Ig*(-x)-9=0,
lg2(-x)-6lg(-x)+9=0 = (lg(-x)+3f=0 = lg(-x)+3=0
lg(—x)=—3 = x=10"3=0.001.

Let IgX:t.Theni+i=1 or

S5o—t 1+t
1+t+10-2t = (5-t)1+1), t? —5t+6=0, t,=2,t, =3,
t#5, <& Jt#5, & Jt#5,
t=-1. t=-1. t=-1.
t=2, lg x =2, x =100,
or <
t=3. lg x =3, x =1000.

Answer: X =100, x =1000.
Example 2.20. Solve the equations:

Ig x+5
1) x'9% =100x; 2) x'92%*2 _g 3y x 3 =109
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Solution.
1) The domain: X >0 and x #1. Let us take the common logarithms
from both sides:

o (x'g X): lg(100x); g x-lg x=1g100+Ig x;
@Zx—bx—Z:Q

We make further the replacement Ig X =t. Then t> —t-2=0.
The solution of this equation:

t=2, lg x =2, x =100,
= <
t=-1, lg x =-1, x=0.1.

2) We take the logarithm to base 2 from both sides of the equation:
(log, x+2)log, x=3, log5 x+2log,x—-3=0.

We explore further a new variable log, Xx=t. Then t?2+2t—3=0. The
solution of this equationis t; =1;t, =—-3. Then

log, x=1, or log,x=-3

. 1
wherefrom the solution is X = 2; X, = §

3) We take the logarithm to base 10 from both sides of the equation:

IgX+5ng=(|g X +5)lg 10,

wherefrom Ig X=-5 or lgx=3. Then X =10, X, =1000.
Example 2.21. Solve the equations:
1) 2log, 27—-3log,; x=1;
2) logz x+1log 7 x+logq x=6;
3
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3) log,(x+12)-log, 2=1;

4) 1932714373 =1,
Solution.
1) The domain is X>0,Xx#1. We move on further to base 27 using
formula (2.15):

—3log,7 x=1
10g 7 X 927

and make a replacement, t =109 ,7 X. Then we obtain:

%—3t=1 o 2-3%=t; 3’+t-2=0,

wherefrom t, =-1,t, = g So, log,; x=-1 or log,; x= % wherefrom
the answer is

2 2
%=X =27 =(3*p =32 =0.

2) The domainis x > 0. Let us move on to base 3 using formula (2.12):

log 5 x=log ; x=2log; X,
32
log 4 x:log3_1x=—I093 X.
3

So, log; x+2log; x—log3 X =6, or log3 X =3. Then the answer is x = 27

3) The domain is:

X+12 >0,

x>0,
x>0, =

ENN
X =1,
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Let us move on to base 4 and take into account the following equation:

log, 2=1log , 4= 1 >
X log, X
Then
log 4(x +12)- ~=1 log,x* =log,(x+12), x*=x+12,

log 4 x
x2—-x-12=0, x =4, X, =-3<0.

Answer: X =4.
4) This equation is of the exponentially logarithmic type:

g ¥271+3'¥ =g 10.

We have:
32714+3V3 =10,
271+3'% 21000, 3V =729 3V _36

J3x =6, 3x=36,x=12.
Answer: X =12.

Tasks for individual work

Solve the equations:
Task 2.22. 1) log X(xz — 59X +10): 2, 2)log X+1(x2 —3X +1):1;

3)log, 37=3, 4 Iogg,(x2 —6)= log 5(3x —6);

5) log, v2x-1—log;(x—2)=0; 6) Iog4logzlog£x:%;
3 3

7) Iog?,(x2 —3)— log,(3x-5)=0; 8)log,(x+1-2)=2.

78



3)

5)

3)

5)

4)

3)

5)

7)

lg(x +33)

Task 2.23. 1)
1+1g3

=2; 2) Ig(x—2)—%lg(3x—6):lg2;
Ig\/TZI+%Ig(x—21):1+IQZ; 4) 0.5lg(2x—1)+lg/x-9 =1;
IgS—lzlg(x—B)—%lg(3x+1).

Task2.24.1)4—|gx=3\/|gix; 2) Ig2x+lgx+1=|ng;

2lg%(x—1)-10lg(x-1)+3=0; 4) 4lg5(- x)+2|og4(x2):—1;
1 1

o+ =3 6) log2(-x)+3=2log, x°.
5—4lgx  1+IgXx ) 1g2(=x) 92
Task 2.25. 1) x/°92**2 = 256+ 2 0.1-x'9%2 =100: 3) x*"9* =100:
X119 =0.01; 5) x'°9sx4 :i; 6) x'°92% = 4.

27
Task 2.26.1) logs(x+20)-log, J5=12) Ig \/75+53\/x—1 =1,

l0g3 X+l0go X +log 57 x=5.5, 4) 3'°%7) _125,

log, 2+log, x=2.5; 6) Iogl_XB—Iogl_XZ:%;

Iogz(9x‘1 +7)= 2+ log 2(3)“1 +1} 8) 6096 % 4 x 1006 X _ 1.

9) 2-log 3-logs, 3=log, /; 3.

2.7. Systems of exponential and logarithmic equations

When solving systems of exponential and logarithmic equations, all

known methods for solving systems are used (substitution, algebraic addition
of systems of equations, etc.). It is also necessary to remember all the
methods for solving the exponential and logarithmic equations discussed
earlier.

Example 2.27. Solve the system:
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2X 1 2.3%Y _56,
3.2% 4 3¥*+y+l _g7.

Solution. Let 2* =u,3""Y =v. Then the system transforms into the
following one:

u+2-v=>56, u+2-v=>56,
or
3-u+3-v=87. u+v=29.

Subtracting the second equation from the first one, we obtain u=27, and
v=2. Then:

2X — 2’ X :1’ X= 1,
= =
Y =27 X+y=3. y=2.
Example 2.28. Solve the system:

{©V5—X+b2=bﬂ+3%

x° +7x-8=0.
Solution. The domain is:

5-x>0, |[x<5,
= —-3<Xx<b.
{x+3>& {x>—&

We solve the second equation: X* + 7x—8=0: X, =1, X, =—8. The solution

X=—-8 does not belong to the domain and therefore does not fit. We

substitute the second solution x =1 in the first equation and obtain the true
equality:

lgV/4+lg2=lg4 < 2lg2=2Ig2.

Therefore, the solution of this system is x =1.
Example 2.29. Solve the system:
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X+Yy =29,
lg x+1lg y=2Ig10.
Solution. The domain is: x>0,y >0. Taking into account 1g10=1, we
obtain:

X+ Yy =29, X+Yy =29, X=29-Yy,
= =
lg(xy)=2. xy =100. (29 -y)y =100.

X=29-y, {x=29—y, {x=25, {x=4,
< 5 < < or
y- —29y +100=0. y1 =4, Yy, =25, y =4, y =25.
So, the solution is {(25;4),(4;25)}.
Example 2.30. Solve the system:

3%.2Y =576,
log 5 (y—x)=4.

Solution. The domain is: y—Xx>0,y>X. We can transform the

second equation in the following way: y — X :(\/5)4. Then y—Xx=4 and
y = X+ 4. Let us substitute further y = X+ 4 into the first equation:

3¥.2Y =576 =3 . 2% =576« 3* . 2X. 2 =576 = 6" =36 = x =2,
y=2+4=6.

Then, the solution of the system is: {(2;6)}.

Example 2.31. Solve the system:

{y—logg,x:l,

xY =312
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Solution. The domain is: X >0, x #1. Let us apply the base 3 logarithm
to both sides of the second equation:

312

log; x¥ =log, = ylogsx=12.

From the first equation we have log; X=Yy—1. Then

{Ioggx=y—1. {Ioggx=y—1. {Ioggx:?;,
= =

y2-y-12=0.  |[y1=4y,=-3, y=4.
1
log 3 x =4, =27, |x=_,
or gBX = X X 81
y=-3. y =4,

Therenfore, the solution is {(27;4);(811;—3}.

{Iogg,x:y—l. {|093x=y—1. {Ioggx=3,
= =

yZ—y-12=0. y1 =4y, =-3. y =4
log, x=—-4 X =27 x—l
{ X oo =
y=-o. y=4. y:_3

Therefore, the solution is: {(27;4); (é;—?))}.

Tasks for individual work

Task 2.32. Solve the systems:

4% =128, y—x=09,
b 3x-2y-3 2) :
53%-2y=3 _1: lgy-lgx=1
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2%.2Y =6, 3%.2Y =972,
3) 1 4
3¥.4Y =12; log 5(x-y)=2
- 2X
4X 5y — 400’ 3 —2y = 725,
5) 3 6) y
\2'3X :18, 3X_2§ :25

2(log , x+lo 5, xY =512
7){(gy g, ) 8){

Xy =8, log s x+3"993Y = 7;

logs(x+y)=1, log 4 x+log, y=1+log 49,
10) X+Yy

27 +27 =12, 22 1024,

2.8. Exponential inequalities

Inequalities of both types af(x) >ag(x) and af(x) <ag(x), where
a>0,a#1, are called the simplest exponential inequalities. Each of these

inequalities can be converted into an equivalent inequality depending on the
value of the basis a:

ifa>1 thena'™ >a%™ = f(x)>g(x); (2.20)
if 0<a<1,thena'™>a%) = f(x)<g(x). (2.21)
In these cases, if a >1, the inequality sign is the same as in the initial inequa-

lity, but if 0 <a <1, the inequality sign is reversed.
Example 2.33. Solve the inequality:

2x-1
5X-2 <1,

Solution. So far as 1="5, the inequality can be written as
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2x-1
5x-2 <59,

2x -1

X—2
the inequality by the interval method (Fig. 2.13.) and obtain the answer:

XE(EJ?)
2

1/2 2 X

So far as the base of the power function is 5> 1, < 0. We solve further

Fig. 2.13. The solution of the inequality by the interval method

Example 2.34. Solve the inequality:

Ol34X2—2x—2 <0.32%3

Solution. So far as the base of the power function is 0.3<1, then

4X? —2X—2>2X—3 or 4x° —4x+1>0. This inequality holds for all x € R.
Example 2.35. Solve the inequality:

2X—3
0.2 %2 >5,

Solution. The base of the power function is 0.2 =1/5 = 571 Then the
inequality takes the form

_2x—3
5 x-2 >5
wherefrom,
_2X=8 g o X3,
X — X—2
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We transform this inequality and solve it by the interval method
(Fig. 2.14), i.e.,

2x—3+120’ 3x—5

W | )
-
o

Fig. 2.14. The solution of the inequality by the interval method

Answer: X e (— o0; g} U(2;0).
Example 2.36. Solve the inequality:
g4 _ 125
56

125 125
Solution. The right-hand side: = —5%.5% 55 Then,

J56 573

AXx+2<6 x<1
54x+2 56 o 4% +2/ <6< { {

= .
AX+2> -6 X>-2

Answer: X € (-2;1).
Example 2.37. Solve the inequality:

4* -6-2* +8<0.

Solution. Let 2° =y, then 4% = y2. We pass further to the system of
inequalities:
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2 _ 2 4,
{y oy +8<0, < {<y< & y<4

y > 0. y > 0.

We return to the variable X and obtain 2 <2* <4, wherefrom 1< x<2.
Answer: X e(L2).
Example 2.38. Solve the inequality:

3.5 52+l 2 -0,

Solution. We transform the inequality and make the replacement

5% =y,y>0.
Then
3.5 _52X.5.2 40, 52X.5_3.5_2>0, or:
5y% —3y—2>0,
y>0.

We solve this system of inequalities by the interval method (Fig. 2.15). The

solution of the quadratic equation 5y2 —-3y—-2=0 is

2
yl :1, y2 :—g

Fig. 2.15. The solution of the inequality by the interval method
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The solution for y is y>1, i.e., 5*>1 or 5" > 5%, wherefrom x >0,
i.e., the solution for X is x € (0;).

Tasks for individual work

Solve these exponential inequalities.
1 ) 2
Task 2.39. 1) 2** <16; 2) | —— | <128; 3) 232X -1,
0.125
2x+1 6-5x

, A7 -3
2)(0.3)” 7% <0.00243; 5) @) X >(Ej . 6) (2)2“” <2

2

X
7) 24—X <8; 8) 2 6405 <(162) " 9 5* 1 < (2%) ;

10) 334 _ g2x-3 - 11) 54%-6 253%4. 19y 2x/x2—3x+3 S 2& |

Example 2.40. 1) 32 —3*—72>0; 2) 2*X —2**_15<0;
3) 5X 3 > 737X 4) 11%77 <1777%; 5) 25X 4 2%%72 | 2%%3 ~gog:
6)5.2VX _3.2V*1<5g. 7) 3.2¢1 1 5.0% %2 <91

2.9. Logarithmic inequalities

The simplest logarithmic inequalities have the following form:
log, f(x)>log, g(x) or log, f(x)<log,g(x),ifa>0,a=1.

Each of these inequalities, depending on the base sign, can be trans-
formed into an equivalent system of inequalities:

fora>1: log, f(x)>log,g(x) < {f(x)>g(x), (2.22)
f(x) > 0.
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for 0O<a<1l log, f(x)>log,g(x) < {f(x)<g(x), (2.23)
f(x) > 0.

Example 2.41. Solve the inequalities:
1) logs(@-x)<logs(x+3);, 2) loggs (xz +1)s log g 5(2x —5).

Solution.
1) This inequality is equivalent to the system of inequalities:

1-x>0, x<1
X+3>0, < <x>-3 < —-1l<x<],
1-x<x+3. X>-1.

therefore the solution is: X € (— l;l).

2)The inequality is equivalent to the system of inequalities, given that
the base of the logarithm is less than one, 0.5 <1:

X% +1>0, X eR, XeR,
2X—-5>0, & Xx>25>0, & IX> 2.5,
x? +1>2x-5. X2 —2X+620. x € R, because D <O0.

Answer: X € (2.5;o).
Example 2.42. Solve the inequalities:

1) logs(3x—1) <1; 2) log(x° —3x+2) <—1;
6
X—3 1 X% + X
g, —=>—=; 4) lo lo <0.
) gix+3 > ) 109y 31094 4
Solutions.

1) The inequality log3(3x—1) <log;3 is equivalent to the system:
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1

3x-1>0, |*73
3 & S<KX<—

3x—-1<3. 4

X<§.

33
2) We transform the inequality as follows:

Wherefrom the answer is X (1 X ﬂj

log,(x*-3x+2)<-1 < Iogl(x2—3x+2)<loglé =N
6 6 6

x> —3x+2>0, , )
= & XT=-3X+2>6 & x°-3x-4>0.

X2 —3X+2>6.

The roots of X°—3x—4=0 are X, =-1, X, =4. The graphical solution of
the inequality is presented in Fig. 2.16.

—1 4 X
Fig. 2.16. The graphical solution to the inequality

Answer: X € (—o0;—1)U(4;0).
3) The inequality



Is equivalent to the following one:

Ioglx—_gzlogl(lj 2,
ZX+3 1 4

which, in turn, is equivalent to the following system of inequalities:

x—3>0’ x—3>0’ x—3>0’ X_3>Q
x+§ - x+§ - x+39 - x+g
X729 X723 _9<0 B X*250
(X+3 (X+3 L X+3 X+3

We solve each inequality by the interval method (Fig. 2.17, 2.18), and
then find the intersection of the obtained solutions (Fig. 2.19):

-3 3 X -9 3 X

Fig. 2.17. The solution of
the 1st inequality

Fig. 2.18. The solution of
the 2nd inequality

-9 -3 3 X

Fig. 2.19. The common solution

4) Transform the inequality

X2+X

lo lo
0031006 w14

<0
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into the equivalent system:

ogg ~ %51
X2 + X Jo a T
093 l0g¢ <logp3l <
X+4 | X2 + X 0
o >
Je X+4
(2
X"+ X
2 4>6’ X2 + X
log g >l0gg6. < $ X > 6
X+ x2 1 x 0 X+4
[ X+4
We solve further the last inequality:
2 2 2
XTHX g g X HX 6X 24>O,X 5X 24>O,(X 8)(x+3)>0.
X+4 X+4 X+4 X+4

We solve the inequality using the interval method (Fig. 2.20):

_/W

4 =3 8 X

Fig. 2.20. The solution of the inequality by the interval method

Answer: X € (—4;-3)U(8; ).
Example 2.43. Solve the inequalities:

1) W>O; 2) (x+1)log,4(x+2)<0.

Solution. For each of these inequalities we apply the interval method

taking into account their domain.
1) The domains is:
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{X+1>0, {x>—1’ or x & (~11)U (L ).

x—-1+#0. |x=1.

On the number axis for x>-1, we take the points in which the
numerator and the denominator are zero. The solution is presented in
Fig. 2.21.

Fig. 2.21. The solution of the inequality by the interval method
2) Here, the domain is:

X>—4,ie xe(-L0)U(Lw).

For the interval method, we take the points x =—1 and x = -3, because
log ,(x+4) =0 for x=-3 (Fig. 2.22).

-4 -3 -1 X
Fig. 2.22. The solution of the inequality by the interval method
Answer: X e (-3,-1).
Example 2.44. Solve the inequalities:

1) logs/x—1<1 2)|4-log, X <2; 3) Iog2Qx—2\—1)<l;

Solutions.
1) The domain is:
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X=1

{\x—m

Using this domain, we have:

Xx—1<3,
Xx—1>-3,
X#1,

wherefrom we obtain the answer: x e (—2;1)U (L4).
2) We convert the inequality into a more convenient form:

log, x4 <2,

using the module property: |a| =|—a|. Next we pass from the inequality to the

system of inequalities using the theorem:

f(x)<a,
f(x)>-a.

\f(x)\<a<:>{

Then,
log, x—4<2, log, x <6, 6
\bgzx—4<2<:{ 92 <:{ J2 <:{O<X<2’¢>

log, x—4>-2. log, x> 2. X>4.

< 4<x<64, ie. xe(4;64).
Answer: X € (4;64).
3) Because 1=log, 2, the inequality takes the form:
log ,(x—2/-1)<log , 2.

We pass on to a system of inequalities that allows us to solve the
problem graphically by the interval method (Fig. 2.23):
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[x-2>1, Tx>3,
x-2-1>0, [}x-2>1, {x—2<—1, {x<l, {X>3’
= = =% <l x<l,
x-2-1<2, x—2/<3, {X—2<3, {x<5,

—1<x<b.
X—2>-3,

X>-1

-1 1 3 5

Fig. 2.23. The graphical solution

As can be seen from the figure, the answer is x  (—2;1)U(3;5).
Example 2.45. Solve the inequalities:

1) log,_;(x+1)>2; 2) log,(2.5x-1-1)>-2.
X
Solution.

1) We consider two cases:
a)lf x—1>1,x>2, we have the system:

X>2, X>2, X>2, X>2,
) SN 5 = = .
X+1>(x—1). x% —3x <0. x(x-3) <0. 0<x<3.
The answer is: 2 < X < 3.
b) f0<x—-1<1,1<x<2, we have:

1<x<2, 1<x<?2, L<x<2,
), S &1 x<0,
0<x+1>(x-1)". [x“=3x>0.
X > 3.

The graphical solution of the case b) by the interval method is shown in
Fig. 2.24.
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—

Z..

0

1

J

3

2

Fig. 2.24. The graphical solution

»

X

This system of inequalities has no solutions. Therefore, the solution
obtained in the case a) remains.

Answer: 2 < X< 3.

2) The domain here is 2.5x—1> 0. We consider two cases:

-

1>1,
X

2.5x-1>0,

2<x<1,

R

The roots of the equation x?> —2.5x+1=0: X1

< 9

1_X>O’
X

2
X>=,
5

x2 —25x+1<0.

x° —2.5x+1<0.

S

< 3

1

=N

<= A

1—x>Q
2
X>—,
5

\x2—25x+1<0.

X< 2.

, Xo = 2. S0, the solution

of the inequality x?> — 25X +1<0 is the interval: 5 <X<2.

b) In the second case we have 0 < 1 < 1. Then,

1

—-1<0,

X
X > 0.

1-x

X
x> 0.

R

1-

<0, {
&
X

X

X <0,
> 0.

{X>L
o
x> 0.

-

X >1.

The original inequality is equivalent to the system of inequalities:
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25x—1>0, x>2 (x>1
1 > 2
0< =<1, & IX>1 =4 x>
X 1
1 _92 X2 —25x+1>0. X<§-
2.5X—1<(—j ) L
X

The solution of the last inequality is given in Fig. 2.25.

S

1
2
Fig. 2.25. The graphical solution by the interval method

The answer for the second case is: x> 2. Combining the results, we
1
obtain a common solution: X € (5 ,l) U(2;0).

Example 2. 46. Solve the inequality:

<25.

( 2jlog 0.25 (xz —5x+8)

5

Solution. This is an exponential inequality. Because

we have:
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<25,

( 2)Iog 0.25 (xz —5x+8)

5

wherefrom:

X2 —5X+8>0

Iog0_25(x2—5x+8)2—1<:> , L
x“ —5x+8<(0.25)

The first inequality holds for any x e R because the discriminant of the
equation x*—5x+8=0 is negative. The equation x°> —5X+4=0 has the

following roots: X =1,X, =4. Therefore, the inequality X% —5x+4<0 holds

in the interval 1< x < 4. Because of that, a common solution of the original
system is x € [1;4].

Tasks for individual work

Solve the logarithmic inequality:

Task 2.47. 1) log3(1-2x)>log5(5x—2);
2) log;(2—x)>log;(3x+6);

3) Iogl(x+4)<log1(x2+2x—2); 4y log,(3x—-1)>log, (3—x);

3 3 5 5
5) log ; (2x+21)<-2; 6) Iogl(x2—5x+6)2—1;
11 2
7) Ig(x2 —5x+7)<0; 8) log;s 2 _28 <0;
X_
X x% +1
9) Iogz—13—1; 10) logg 4 log, <0.
X — _
log,(x-1) _ . .
Task 2.48. 1)—330, 2) (x—3)log;(x+8)>0;
X_ _

7
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X-5

3) ——2>0; 4) (x—6)log:s(x—3)>0;
)Iog3(x—2) ) ( ) 95( )
— lo X—2
5) —Iogg(x 3)>O; 6) ggs‘ ‘<O.
X —25 X® —4x
_ 4x —2
Task 2.49.1) logs,_» X<1; 2) log, 3 >1;
3) log,|x—2 <1.
|093L
Task 2.50. 1) logs (26 —3%) > 2; 2) 5 Tx+2<7;
1 Iogz(xz—l)
2
3) (5) >1; 4) lg°x—Ilgx-2=>0.

Task 2.51. Find the domain of the functions:

1) y:Iogz(xz—BxXx+5)) 2) y=|g(3_%_xz);

3) y:,/log33;XX; 4) y:\/4x—x2+lg(x2—1)
VX2 = 2x _ 1-2x

— 7)) y=|I :
log,(x—1) AR

Questions for self-assessment

5) yz\/logol3(x2—5x+7); 6) y=

. What is a logarithm?

. What is the base of a logarithm?

. What is the exponent of a logarithm?
. What is the logarithm Ig b called?

. Name the main logarithmic identity.
. Name the basic logarithm laws.
. What is a logarithmic function?
8. What is the difference between the graphs of the logarithmic function
for a >1 and the logarithmic function for 0 <a <1?
9. What is a logarithmic equation?
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10. What is a general form of the simplest logarithmic equation?

11. Name all the methods of solving the logarithmic equations.

12. What is an exponential function?

13. Name the main properties of an exponential function.

14. What is the difference between the graphs of the exponential
function for a >1 and the logarithmic function for 0 <a <1?

15. What is an exponential equation?

16. Name all the methods of solving the exponential equations.

17. What is the system of exponential and logarithmic equations?

18. What are the simplest exponential inequalities?

19. What are the simplest logarithmic inequalities?

20. What is the interval method of solving an inequality?

3. Limits and derivatives of functions

3.1. The limit of a function

The number A is called the limit of the function f (X) as X approaches

X, (x — xo), if, for any arbitrary small & > 0, there exists the number 6 >0,
such that from inequality |X—XO|<5 the inequality |f (x)—A|<gfoIIows.

This is denoted as lim f (X) = A.

X—)XO
The function y = f (x) is called the infinitesimal function if it tends to

zero if X — X;:
lim f (x)=0.
i 109
The function y= f(X) is called unlimited when X — X, if for any
M >0 there exists such a number o6 >0, that from the inequality
|x—x0| <&, the inequality |f(x)| >M follows. The limit of such a function
equals +oo,

lim £ (x) = oo,

X—)XO
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The evaluation of limits is based on the following rules (if there exist
the limits im f(X) and lim g(X)):

X—)XO X—)XO

1) lim (f(x)+g(x))=lim f(x)+lim g(x);

X—)Xo X—)XO X—)XO
2) lim(f(x)-g(x))=1lim f(x)-limg(x);
i (1()-(x) = fim (<) (3
lim(a- f(x))=a-lim f (x), a=const;
X—)XO X—)Xo

Hmf(@

f X—>X
3) lim (X): — if lim g (x)#0.
X% (] (X) )!LrD g (X) X=X,

The following properties are also used (c > 0):

i . X
limcx =oo; lim—=o0;
X—>00 X— G
. C . C
lim—=0; lim — = +o0;
X—o X X—>+0 X

. C

lim —=—o0.

x—>—0 X

In the simplest cases, calculating a limit reduces to substituting the
boundary value of the argument into the given function. Often, however, such
a substitution leads to uncertainties of the following forms:

HE A s A A

0 o0

Finding a limit in these cases is called the solution of uncertainties. To solve
an uncertainty, you must first convert this function and then pass on to the
limit.

The following examples show the methods for solving uncertainties.
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Example 3.1. Evaluate the limit:

Iim(3x2 —2x+7).

X—2

Solution. Using the limit theorems, we have:

Iim(3x2—2x+7)=3Iimx-|imx—2|imx+|im7=

X—2 X—2 X—2 X—2 X—2

=3-2-2-2-2+7=15.

Example 3.2. Evaluate the limit:

3x° -1

lim .
3+6x2 -5

x—3 2X

Solution. The limits of the numerator and denominator exist and the
denominator limit is not equal to zero. Using the fraction limit theorem, we
have:

. 2
I lim(3x” -1} ~3.9-1 26
32x° +6x" =5 lim(2C+6x"-5) 2:27+6-9-5 103
X—3

Example 3.3. Evaluate the limit:

] X—2
lim

-
=2 x" +3x -1

Solution. The limit of the numerator and denominator exists and the
denominator limit is not equal to zero. Using the fraction limit theorem, we

have:
x>2x°4+3x-1 9
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Example 3.4. Evaluate the limit:

2
. X" —6X+8
lim———.
X>4 X" —5x+4

Solution. If x — 4, the numerator and denominator are approaching
. . 0 . .
zero, i.e., we have the uncertainty of the type {6 . To solve this uncertainty,

we factor the numerator and denominator and reduce the fraction:

. X —6x+8 . (x—4)(x-2) X—2 2
lim—————=Iim =lim——==.
Xx—>4 y© _Byx 44 x4 ()(—4)()(—1) x—=4 XxX—=1 3

Example 3.5. Evaluate the limit:

) 3x3+2x2—x—4
lim 3 .
x=>1 2x° —5x+3

0
Solution. In this example, we also have the uncertainty [6 . To solve

this uncertainty, we factor the numerator and denominator. The first factor in
both the numerator and denominator will be X —1, and the other one is found
by dividing both polynomials by x —1:

3 +2x° —x—4{x-1 2x®  — Bx+3[x-1
38 L3y A +5x+4 23— 2% 2x% +2x—3
5x° — X 2x° —5x
5x° —5X 2x° = 2x
4x -4 —3X+3
4x—4  _3x+3
0 0

Then we have:
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(x—l)(3x2 +5x+4)

. . 3x%45x+4 12
lim =lim -

: - ==—==12.
Hl(x—l)(Zx +2x—3) x-12x°+2x-3 1

Example 3.6. Evaluate the limit:

”m—vX4—2.

x—0 X
Solution. In this example, we also have the uncertainty {6}

To solve an uncertainty, when there is irrationality, we transfer it from
the numerator to the denominator or vice versa. After that, the resulting
fraction can be simplified and transformed to a limit.

In this example, we multiply the numerator and denominator by the
multiplier conjugated to the numerator, and then, after simplification of the
fraction, we get:

Iim—vx+4_2—lim _
x>0 X x>0 x(«/x+4+2

) X+4-4 i 1
=lim =lim———

Cox(Vxrar2) OV A2

Example 3.7. Evaluate the limit:

- W +1-1
=0 Ix2 1164

Solution. In this example, we also have the uncertainty [6} We

multiply the numerator and denominator by the product

(\/XTH+1J(M+4)
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Then we obtain:
lim V11 =
0 X% +16 -4
(m+l)(m+1)( X +16+4j

=lim

X2 +1-1) Vx® +16 +4
(¢ +1-1)( +16+4)

Ho(x2+16—16)(«/x2+1+1j

. x°+16+4 8
=lim =—=

20 Ix® 4141 2

Example 3.8. Evaluate the limit:

4.

3 2
) 2X" +X -1
lim —
X200 3x" — X" +X—3

Solution. In this example, we have the uncertainty {

Ho(ma_zl)(mﬂ)(mmf

o0
}. In such

examples, the numerator and denominator need to be divided by x", where
n is the largest of the powers of the numerator and denominator. Then we
can pass on to a limit. Namely, dividing the numerator and denominator by

3

X~ , we have :
1 1
2+———
o2 Hx -1 : X X 2
lim — =lim
w37 X 4x-3 xomg 11 33
X x2 x3
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because

1 1 1
X—>0=>--0,—-—>0 —=->0.
X X X
Example 3.9. Evaluate the limit:
. X +3x-1
lim ———.
X—>0 X _5

o0
Solution. In this example, we also have the uncertainty {—} Dividing
o0

the numerator and denominator by x4, we have:

1+ 3 1
) X4 +3x-1 . X3 X4
lim ———=Ilim—=———=.
X—>00 X _5 X—>00 l 5
2 a4
X X
Example 3.10. Evaluate the limit:
2
. X" +3x-1
I|m3—.
X0 X 42

o0
Solution. In this example, we have the uncertainty {—} Dividing the
o0

numerator and denominator by X3, we have:

1+3 1
2 3y VA I
“qu;—Bxl:“mx X X :9:0_
X—o  xT 42 X—00 1+ = 1
N
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Example 3.11. Evaluate the limit:

. ( 1 6 ]
lim -— .
x—3\ X—3 X —9

Solution. In this example, we have the uncertainty [oo—ooJ. We bring

the fractions to a common denominator:

: 1 6 . X=3 . X—3
Ilm( — j:hm =lim =

x—3\ X—3 X2—9 x—>3X2_9 X—>3(X—3)(X+3)
) 1 1
=lim—==.
x>3X+3 6
Tasks for individual work
Find the limits:
3 2 2
) — . X5 —
Task 3.12. ||mX2—X+5. Task 3.13. lim*—2.
x>0 X —2X x—>3 X—3
. X=2 X2 _
Task 3.14. lim | Task 3.15. limX_©2X =3
x—2 X3 -8 x—>1  x%—1
2 2
Task 3.16. lim w. Task 3.17. Iim3X2 11x+6
x>-1xX°—2X—3 x—3 2X° —5x—-3
2
i — i X
Task 3.18. lim 3X +2X 2 . Task 3.19. liIm—.
x>l X" — X" —XxX+1 x>0 X +4 —2
. A2x+3-— . x?+1-1
Task 3.20. lim 3 3. Task 3.21. lim .
X—3 3—Xx x—0 X2+16—4
2 . 3_
Task 3.22. lim X2+5X 4 Task 3.23. lim 3X2 2x+4.
x> 2X° —4X+3 x—w X 4+3X—-1
2 3
] — i X
Task 3.24. lim 2;( +5;( 4. Task 3.25. lim| x— > .
x>0 X* —4X° 42 X—>00 X*+1

2
Task 3.26. lim| ———x|.
x>0 X+ 3
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3.2. The differentiation

Let the function y = f(x) be defined in any point x and in some

neighborhood of this point. The derivative of this function at the point x is
called the limit:

fim f(x+Ax)— f (x)
AX—0 AX

The derivatives are denoted by the characters:

: dy
’ , ’ I f ’ .
Yo v, o )

The differentiation rules

1.C'=0 (C =const); 2. (Cu) =C-u';

3. (Uxv) =u'+V; 4. (uv) =uv+uv;

6.y =f'(u)-u, if y="f(u),and u=u(x),ie., y isacomposite function

The table of derivatives

1. (x”) = 2. (x) =1,

3. (V) = o[} --3
5. (sin x) = COS X, 6. (cosx) =—sin x,
7. (tgx L 8. (ctgx) = —— 12
~ cos? x’ sin < x
9. (ax) a”-Ina, 10. (ex)l =e”,
11. (log , ) = s 12. (Inx),:%,
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13. (arcsin x) = 1 14. (arccos x) = — L
1-x? 1-x?
' 1 '
15. (arctgx) = , 16. (arcctgx) = — .
( : ) 1+ %2 ( : ) 1+ %2

Example 3.27. Find the derivative of y = % x° + 24X

Solution. Using the rules (2 and 3), as well as the table of derivatives
(formula 1), we have:

Example 3.28. Find the derivative of y = x-cos X.

Solution. Using rule 4 as well as the table of derivatives (formulas 2 and
6), we have:

4

3 =(x-cos X), = x'cos X+ X(cos X) =cosx— xsin x.

arcsin x

X2

Solution. Using rule 5 as well as the table of derivatives (formulas 1 and
13), we have:

Example 3.29. Find the derivative of y =

. ! . ) 2 ’ .
)= (arcsm xj _ (arcsin x) x —(x ) arcsin x
=| =5 | = —

X X4

X% —2xV1-x%arcsin x  x—2+v1-x* arcsin x
x*V1-x? x31— x?
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Example 3.30. Find the derivative of
y =sin(2x+3).

Solution. Using the rules (6 and 2), as well as the table of derivatives
(formulas 2 and 5), we have:
= (sin(2x +3)) = cos(2x + 3) - (2x +3)’ = 2cos(2x + 3)-
Example 3.31. Find the derivative of
y=1tgIn x.
Solution. Using rule 6 as well as the table of derivatives (formulas 7 and

12), we have:

! 1 ! 1 1
'=(tghh x) =———(NX) =—5—=.
y'=(ginx) coszlnx( ) cos? In x X

Example 3.32. Find the derivative of

y:xzsinzxz.

Solution. Using the rules (4 and 6), as well as the table of derivatives
(formulas 1 and 5), we have:

! !
y’:(xzsinzxz) :(xz) -x%sin % x? + x° (S|n2x2)

14
= 2%- X2 sin 2 x% + 2sin x2 -xz(sin x2) =2.x3sin?2 x% +

+2sin x2- xz(cos X2 ) 2X = 2x(sin 2 %2 + x%sin 2x )
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Tasks for individual work

Find the derivatives:

,
Task 3.33. y =5x% — 2x +5e*. Task 3.34. y = 2x2 +/x3 .
Task 3.35. y = (3x—2)(7x+5).  Task 3.36. y = (4x? + x)x® — 2x).

5x° -3 5
Task 3.37. y = . Task 3.38. y = (3x? + 4]
3—-4x
4
1
Task 3.39. y = (5x3 ——j . Task 3.40. y =1+ 2x? .
X
3 2 X
Task 3.41. y =V8x" —1. Task 3.42. y=——,
1—cos X
Task 3.43. y=3sin X2, Task 3.44. y = 2sin 3X.
Task 3.45. y = 3c0s(3x —5). Task 3.46. y=tg 1
X
2 . 2
Task 3.47. y=ctgXx. Task 3.48. y = (arcsin x).
Task 3.49. y=In(2x+1). Task 3.50. y =Insin x.
Task 3.51. y=In3(x+2). Task 3.52. y =102,
Task 3.53. y =gV, Task 3.54. y = 352X,
vIn x

Task 3.55. y=¢e Task 3.56. y =ed®iN2x.

3.3. The geometric meaning of the derivative

The derivative of the function y = f(x) at the point X=X, is the

angular coefficient of the tangent drawn to the graph of this function at the
point with the abscissa X, i.e.,

y'(Xg)=tger.
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The equation of the tangent to the graph of this function at the point
M (Xg; vo) has the form:

Y—Yo= y’(xo)(x—xo).

Example 3.57. Find the tangent equation to the curve y = x* —1 at the
point M (1,0).

Solution. The equation of the tangent to the graph of this function at the
point M (Xg; o) has the form:

Y—Yo= Y'(Xo)(x_xo)-

We find the angular coefficient of the tangent drawn to the graph of this

function y = x> —1 at the point with the abscissa xg =1:
f'(x)=2x.
From this, f'(1)=2. So, the tangent equation has the form:

y—0=2(x-1), or 2x—y—-2=0.

Example 3.58. Find the tangent equation to the curve y=§ at the
X

point M (1;3).
Solution. We find the slope of the tangent to the graph of this function at
M (1;3):

From this, we have f’(l) = —3. So, the tangent equation has the form:

y—3=-3(x-1), or 3x+y—-6=0.
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: : X+1
Example 3.59. Find the tangent equation to the curve y = 1 at the
X —

point with the abscissa Xo = 2.
Solution. Let us find yg = y(0):
2+1
Yo = 21
Then the tangent point has the coordinates M (2;3). We further find the
slope

3.

, (x=1)-(x+1) -2

(x-1)  (x-1)°

and then

Y v(0)— —2
Y00)=y (@)=, 2o =2

The tangent equation has the form:
y—3=-2(x—-2)or y=-2x+7.

Tasks for individual work

Task 3.60. Find the tangent equation to the curve Yy = x° +4x—3 at the
point M (1;2).

Task 3.61. Find the tangent equation to the curve Yy = x> +4x% -1 at
the point with the abscissa Xy = —1.

Task 3.62. Find the tangent equation to the curve Yy =arccos3X at the
point of this function graph intersection with the axis Oy .

3.4. The investigation of functions

A function f (X) is called increasing on the interval (a,b) if for any two

points X; and X, from this interval the following statement holds: X, > X;=
f(x)>f(x) (Fig. 3.1).
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A function f(x) is called decreasing on the interval (a,b) if for any
two points X; and X, from this interval the following statement holds: X, > X

= f (%)< f(x) (Fig. 3.2).

AY AY
| |
| I
I | |
| | | |
| X | X
0 X1 X: 0 Xi X2
Fig. 3.1. An increasing function Fig. 3.2. A decreasing function

The intervals of increasing and decreasing functions are called the
intervals of monotonicity of a function. To determine them, the following

attribute is used: if the derivative Yy’ >0 at all points of the interval (a,b),
the function increases on this interval, and if y' <0, it decreases.
A point x; at which f’(xo) is equal to zero or does not exist is called

critical. If, when passing through a critical point, the derivative changes its
sign from "+" to "-", then at this point there is a maximum (max); if the
derivative changes its sign from "-* to "+", then at this point there is a
minimum (min).

The maximum and minimum points are called extremum points. Only
those points at which the derivative is zero or does not exist can serve as
extremum points.

Example 3.63. Find the intervals of monotonicity and the extremum
points of the function:

3
y = X X2 — 3X.
3

Solution. The domain is Xxe R, because of that this function is a
polynomial. We find the derivative:
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2
y%:%%_ZX—B:xz—Zx—&

We further find the critical points from the equation y'=0:
x> —2x-3=0.
We study the derivative graphically (Fig. 3.3).

The sign of y MK_ X
The behaviorofy ~_—7 _i \ 3 "

Fig. 3.3. The graphical study of the derivative

v

The critical points are X; =3, X, =—1. We put these points on the

numerical axis. They break it into three intervals. Find out the sign of the
derivative in each of the obtained intervals. It is recommended that the

derivative be presented as a product: y’ = (x —3)(x +1).

As follows from Fig. 3.3, the function has a maximum at x=-1, and a
minimum at X = 3, moreover:

-1 5 3’
Y max =?—1+3=§, and Ymin =§—9—9=—9.

On the intervals (—oo;—1) and (3;00) the function increases, but on the
interval (—1; 3) the function decreases.

Example 3.64. Investigate the monotonicity and the extremum of the
function y = x —In(1+ x).

Solution. The domain of this function is determined from the solution of
the inequality 1+ x > 0, wherefrom x >—1. Let us find y':

1 X

':1— - .
y 1+x x+1

Solving the equation Ll =0, we find the critical point X =0 (x > —1)
X +
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that belongs to the domain of this function. We examine this point on an
extremum graphically (Fig. 3.4).

The sign of y’ /__\r"%_ X

A

The behavior of y’ -1 \ O /'

Fig. 3.4. The graphical study of the derivative

v

As we can see from Fig. 3.4, the function decreases with x € (—10)
and increases with xe(0;0). At x=0 the function has a minimum:

Ymin = ¥(0)=I1=0.

The global extrema of a function

If a function y = f(X) is continuous within the segment [a;b], then it

reaches its largest and smallest value in this segment. These values are
achieved either at the ends of the segment, or at the extremum points.

To determine the extremum points, one needs to find all the critical
points belonging to the segment, then calculate the values of the function at
these points and at the ends of the segment, and then choose the largest and
smallest ones from all obtained values. They are denoted as follows: the

largest — max f(x), the smallest — min_ f(x).
[a,b] [a,b]

Example 3.65. Find the largest and smallest values of the function
f(x)= 2x3 —3x% —12x +10 on the segment [-2,1].
Solution. Let's find the derivative f'(x)=6x*—6x—12, and the critical

points from the equation 6x* —6x —12 = 0: Xy =-1, X, =2. Only x=-1
belongs to the segment [-2,1].
f(-1)=17; f(-2)=6; f(1)=-3.
Let us calculate the values of the function at this point and at the ends

of this segment. We get:
f(-1)=17; f(-2)=6; f(1)=-3.
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From the obtained values, we select the largest and smallest ones:

[r_n%] f(x)=17, [Tzi,nﬂ f(x)=-3.

The general scheme of investigation of a function
and plotting a graph

The investigation of a function should be done according to the
following steps:
find the domain;

investigate the function for evenness and oddness;

find the points of intersection with coordinate axes (not obvious);
find the intervals of monotonicity and the extremal points;

plot the function graph using the obtained results.

Example 3.66. Investigate the function y = %xs —§x2 —4x+10 and

plot its graph.
Solution.
1. The domain is X € R, because this function is a polynomial.

2. The function is neither even or odd (of the general form), the graph
does not have a symmetry.

3. The points of intersection with coordinate axes are:
a) with Oy : x=0, y=10;

b) with OX: y:O,%xs—gx2—4x+1O=0.

The solution to this equation is difficult. Therefore, we find the points of
intersection with the axis Ox approximately when plotting a graph.

4. The intervals of increasing and decreasing of the function and the
extremal points are found from the function derivative:

Y'=%-3X2 —g-ZX—4=X2—3X—4.
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We can find the critical points, solving the equation x> —3x—4=0,
wherefrom we have: x; =—1, X, =4, and then y’ = (X +1)x —4).
Then we plot the critical points on the numerical axis (Fig. 3.5) and get

three intervals. Let us find out the sign of the derivative and the behavior of
the function on each of the intervals graphically:

The sign of y mﬁ_ X

]
T

The behaviorofy __—"" -i \ 4 __—

1
Fig. 3.5. Investigation of the function y:§X3 —gxz —4x+10

v

The extrema:

1 3 1
ymax(—1)=—§—§+4+10=126.

1 3 2
Ymin (4)25'64—5-16—4-4+10:—85,

Based on the data obtained, it is also possible to plot the function graph.

Tasks for individual work

Find the intervals of monotonicity and the extrema of the functions:
Task 3.67. y=2x> —6x% —18x+7. Task 3.68. y = 2x° —3x2.

Task 3.69. y = 2x% —In X. Task 3.70. y=Xx—In (1+ xz).

Find the largest and smallest values of the functions in the indicated
intervals:

Task 3.71. y = x> —=3x® +1, xe[-14]

Task 3.72. y = x> +3x* —9x -7, xe[-43]

1
Task 3.73. y=xIn? x, X€|:—;e}.
e
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Task 3.74. y=In x—2arctg X,  x e[l o).

Solve the problems:

Task 3.75. The difference between two numbers is 13. What should
these numbers be for their product to be the smallest?

Task 3.76. Into the semicircle of radius R | inscribe a rectangle with the
largest perimeter.

Conduct a complete investigation of the functions and plot their graphs:

Task 3.77 y=x3—4x2 —3X+6. Task 3.78 y:6x2 —ox—x3.

x* 8
Task 3.79 y=——. Task3.80 y =x? —=.
X—3 X

Task 3.81 y=1n (XZ +4).
Questions for self-assessment

. What is the limit of the function f (X) as X approaches Xy?

. What is an infinitesimal function?

. Name the rules for limits.

. Name the limit theorems.

. Name all forms of uncertainties.

. What is the solution of uncertainties called?

. What is the derivative of the function f (X) at the point X?
. Name the differentiation rules.
. Name the table of derivatives.

10. What is the geometric meaning of the derivative?
11. What is the angular coefficient of the tangent?

© 00 N OO0l b WN -

12. Name the equation of a tangent to the graph of the function f (X) at
the point M (Xg, Yo )-
13. What is an increasing function f (X) on the interval (a,b) called?

14. What is a decreasing function f (x) on the interval (a,b) called?

15. What are the intervals of monotonicity of a function?
16. What is a maximum of a function?
17. What is a minimum of a function?
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18. What is the smallest (Pig} f (X)j value of a function on a segment?
a!

19. What is the largest (r[naﬁ f (X)j value of a function on a segment?
a,b

20. What are the critical points of a function?

4. The antiderivative functions and the integral

4.1. The antiderivative

A function F(X) is called an antiderivative of the function f(X) on a
given interval if for all x from this interval the following equality holds:

F'(x) = f(x). (4.1)

For instance, the function F (x) =3x—2cos X is an antiderivative of the

function f;(x) =3+ 2sin x for all x e R, and the function F,(X)=-5InX is

an antiderivative of the function f,(x) = = for all x> 0. As we can see, the
X

primitives of the functions f;(X) and f,(X) are also the functions:
F(X) =3x—2cosx+c and F,(x) =3-5In x+c,
where C is an arbitrary real number (constant). Really,
(3x—2c0sx) =(3x—2C0s X +C) =3+2sin X,
(=5 x) =(~5kh x+c) =—§.

So, if F(X) is a primitive of the function f(X), then F(X)+cC is also a
primitive of the same function f(X).
The set of all antiderivatives of a function f(X) is called the indefinite

integral of the function f(X) and denoted as
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[ f(x)dx=F(x)+c.

To find the primitive F(X), the three basic rules are commonly applied:

1. If F(x) is the primitive of f;(X) and F,(X) is the primitive of f,(X),
the function F(X) + F»(X) is the primitive of f{(X)+ f5(X).

2. If F(X) is the primitive of f(x), the function mF(X) is the primitive
of m f(x).

3. If F(X) is the primitive of f(X), the function iF(ax+b) is the

primitive of f(ax+Db).
The finding of antiderivatives for given functions is called the integration
(Table 4.1).
Table 4.1

The table of antiderivatives

Function f(x) Antiderivative F(x)
k kx+ C
n+1
X" X +C,n=-1
n+1
1 In|x| +C
X
sin X cos X +C
COS X —sinx+C
1
5 tgx+C
C0S“ X
1
5 ctgx +C
sin© x
X
aX a .c
Ina
eX eX4+C
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Example 4.1. Prove that the function F(X) :(x+1h?’/x2 +C is a
S5X + 2
x

Solution. Really, we can find F'(x) using the rule (uv) =u'v+Vv'u:

+ C for all x (0;00).

primitive of the function f(x) =

2
3/x 33/x 33/x

_3X+2X+2 OX+2

F’(x)=3\/?+(x+1)3

So, F'(x)= f(x) for all xe(0;), i.e., the function F(x)= (X+1)3\/? is

i : 5X+2
really a primitive of the function f (X) = .
3%

Example 4.2. Find the indefinite integral of the function

f (X) = (sin X +cos x)° whose graph passes through the point M (0;0.5).
Solution. We transform the given function in such a way that we can
apply the table of antiderivatives and the integration rules:

2 2 2

f (x) = (sin X +cos x)* =sin < X + 2sin X -€0S X +€0S* X =1+sin 2X.

Then, the integral:

F(x)=x—COSZX+c

We find an arbitrary constant given that F(0) =0.5:

le—@Jrc,wherefrom c=1. So, F(x):1+x—COSZX :

2

Answer: F(x)=1+x- COSZZX :

Example 4.3. Find the indefinite integrals of the functions:
1) f(x):(3x+7)10; 2) f(x)=+/5-2x;
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1 1 1 2
3) f(X)==+ + - 4) f(xX)=cos(l—2x)+3x";

2 _
5) f(x):3x+1; 6) f(x)=e 2 +e%*;

7) f(x)=sin 3x-sin 2x; 8) f(x)=sin?x.

Solution. Each of the specified functions must be converted to a table
form and the integration rules must be applied. Then,

_ 0 1T BT
1)forf(x)_(3x+7)1, F(x)—3 11 +C= 3 +C;
J(GE-2x)°
2) for f(x) =/5-2x, F(x)=—T+C,
1 1 1 1 _2 -3
3) for f(X) ==+ + =—+(X+1) “+(x+2) 7,
-1 2
F(x)=|n\x\+(x+1) +(X+1) =In|x/ - 1 1 5 +C;
-1 -2 X+1 2(x+2)

4) for f(x) =cos(l—2x)+3x?,

sin(-2x) 3, o SL-2X) , s

F(X)=- X~ +C;

5) for f(x):3xi+1’ F(x):zm(ST)Hl)+c:§ln(3x+l)+c;

6) for f(x)=e"2* +e?*,

—2X 2X
F(x)=—1e‘2" PEPC P Bl
2 2 2

7) for f(x) =sin 3x-sin 2x = %(cosx—cosSx),
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1( . sin 5x sin X sin 5x
F(x)=E sin X — +C= — +C

5 2 10

1 sin 2x X Sin 2Xx
J— _|_ —

8) for f(x):sinzx, F(x)=

~X C
2 2 2 4
4.2. The definite integral

If f(x) is continuous on the interval [a;b] and F(x) is any
antiderivative of f(x), i.e. F'(x)= f(x), then the number F(b)—-F(a) is
called the definite integral of f(X) with lower (a) and upper (b) limits and
evaluated as

b
[ f(x)dx=F(b)-F(a). (4.2)

This one is called the first fundamental theorem of calculus. It is
convenient to use it in the following form:

b
[ fO0dx = F(X) = F(b) - F(a). 4.3)

Recall the simplest properties of the definite integrals:

b b b

J(£.00+ f())dx = [ fL(x)dx + [ 5 (x)dx; (4.4)
b b
[mf (x)dx=m[ f(x)dx; (4.5)
o 1 b
jf(cx+d)dx:EF(cx+d)\a. (4.6)
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Example 4.4. Calculate the integral:

2
j<3x2 —4x+ 3)dx.
-1

Solution.
2
2 2 2
[(ax2—ax+3ix=3.% —2.X 13 =
4 32 T,

2
=(x3—2-x2+3x1

 =(8-8+6)-(-1-2-3)=12

Example 4.5. Calculate the integral:

e? .
I2&+5 7X g0
1 X

Solution. We transform the integrand into a sum and find the
antiderivative for this sum. Then:

e? _ e2( 1
j2&+5 7de= j(Zx 2+5—7de=
1

1 X X
1 ¢’
x2 Ix .
=2T+5In\x\—7x :(4 x+5|nx—7x}l =

2 1
=(4Je7+5|n ¢? —7e2)—(4+5ln1—7)=

—4e+10Ine—7e? +3=4e—7e® +13.

Example 4.6. Calculate the integral:

T

4
| cos® xdx.

T

4
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Solution.

T T T
4 4 4 _
[ cos® xdx= | dezlf (1+C082X)dle(x+sm 2x)
i L4 2 2_5 2 2
4 4 4
in in
1z M| 1) x M) 1(?? ) 42
214 2 2| 4 2 21 2 4

Example 4.7. Calculate the integral:

-18
J’32—§dx.
3
Solution.
4—18
1 (23
-18 T A5
alo_ Xg_ 1 3 _9(3 4 3fn 4):_13_5
£ 2o b=y ; 32+ 6)* —3(2-1) >
3 3
3

Example 4.8. Calculate the integral:

T
[ (sin 5x- cos 7x)dx.
7T
Solution.

[ (sin 5x - cos 7x)dx = %j”ﬁ [sin (5% + 7x)+sin (5x — 7x)]dx =
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1er . : 1(-
=5 [ _[sin (12x)—sin (2x)]dx = 5(

4

1

_(—

2

12

cos(127) .\ cos(27z)j 1

2 2
cos(12x) .\ cos(2r)

12 2

cos(12x) cos(2x)

+
12 2)

—7T

—cos(-127) _ cos(-27)) _
(o).t

2
cos(127) .\ cos(2r)

e

Example 4.9. Calculate the integral:

Solution.

:%(1_ ) (tg——zj +(tg0-0)=

Example 4.10. Calculate the integral:

i
3 cos2x
J

1 1

“al”

y

4  4e”

12 2

J-o.

z
1 _4X4_‘I‘l—cos X
4 0§ cos”x
z
) tgx—x) ¢ =

4

dx.

2

7 COS X-SIn < X

2
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T

J'°icos2 X —sin 2 x
4

6

1 1
————dx = (-ctgx — tgx)

dx=|—
Sin“ X Cos“ X

Solution. >
COS™ X-SIn ~ X

oIy —w|Y
oy w[N

T T T T T T T T
= ctlg - +tg- |+|ctg = +tg T |=-{tg = +ctg ™ |+ clg = +1tg > |=0.
(cg3+g3)+(cg6+g6j (g6+cg6j+(cg6+g6j

4.3. Calculation of the area of a figure

The concept of integral has a simple geometric interpretation, which
makes it possible to calculate the area of different curved trapezoids

(Fig. 4.1).

Fig. 4.1. The area of a curved trapezoid

The area of this figure is determined by the formula

b
S = f(x)dx. (4.7)
a

The area of the figure bounded by two continuous curves Y = f;(X),
y=f(x) (f,(X)> f(X)) and the lines: X=a, x=b (Fig. 4.2) can be
calculated by the formula

S = [(fy(x) = fy(x))dx, (4.8)

QD — T
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regardless of the location of the curves relative to the abscissa.

A

Y

y = fr(x)

Fig. 4.2. The area of the figure bounded by two continuous curves

Example 4.11. Find the area of a figure bounded by the curve

y= e_4x, the lines x =-0.25, x =2, and the abscissa.

Solution. Let's plot a graph for this task (Fig. 4.3). Using the formula
(4.7), we find the needed area:

4 _8

X e—e

S: Ie_ XdX :—4
-0.25 ~ " l-025

(sg. units).

v

-0.25 2 v

Fig. 4.3. The area of the figure in example 4.11
128



Example 4.12. Find the area of the figure bounded by the parabola

y:x2+4x and the line y=X+4.

Solution. Find the abscissae of the points of intersection of the parabola
and the line, solving the system of equations:

_ 2
y_ X +4X’ (X1:—4, X2 :1)
y=X+4.

The area is shown in Fig. 4.4.

v

Fig. 4.4. The area of the figure in example 4.12

The sought area of the figure can be found by formula 4.8:

1 1

R o

3
—4 —4

:(4_§_1j_(_16_24+%j:%(sq.units).
2 3 3) 6

4

Example 4.13. Find the area of the figure bounded by the graph of the
function y = 2-/x and the tangent drawn to the function y =1+ 1In X graph,
which passes through the point with the abscissa Xy =1.

Solution. We find the equation of the tangent to the graph of the
function y=1+In X by the formula y=Yy,+ y'(XO)(X—XO). Insofar as
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Xp=1 and yy=1+Inhx=1; y’:%; Y'(Xg) =1, the equation of the

tangentis Y =1+(x-1) or y=x.

The sought area is shown in Fig. 4.5.

We find the abscissas of the intersection points of the constructed
graphs: X=0 and X =4. The sought area is:

, 4
4 2 2
S = [(2v/x - x}ix = 2%—)(— =§(sq.units).
: 3 2| 3
2 0

Fig. 4.5. The area of the figure in example 4.13

Example 4.14. Find the area of the figure bounded by the function

graphs y=+1+X, y=+7—-X and y=0.

Solution. After plotting the graphs of the functions y=+/1+X, and

y =-/7— X (Fig. 4.6), we find the abscissa of the intersection point from the
equation:

1+ X =~7-X,x=3.

The sought areais: S=95;+9S,. So,
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1

3 7 3 5 7 1
S = [V1+xdx+[~J7-xdx= [(1+ x)zdx+j(1+ X)2 dX =
X 3 | 3

3 7
3 3
(@ +3x)2 _ (7 —3X)2 _ %(8 +8)= %(sq. units).
2 14 2 I3
Y1
V= 7T y= 1+ x

n
>

s

7

X

Fig. 4.6. The area of the figure in example 4.14

Tasks for individual work

Prove that F(X)is the integral of f (X).

Task 4.15.

Task 4.16.

Task 4.17.

Task 4.18.

Task 4.19.

Task 4.20.

+C, f(x)=(2x+5).

3

_(2x+5)°
"=
F(x)=_ V(36‘4X)3 1C, f(x)=+3-4x.
F (%) :_cos“ X

+C, f(x)=sin x-cos” X.

F(x)=—§cos3x+c, f(X) =sin 2x-cos X.

F(x):%x—%sin 4x+C, f(x)=sin?2x.

F(X) :lsin 2x—isin 8x+C,
4 16

131
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1
2x -1

Task 4.21. F(x) = % In(2x-1)+C, f(x)=

Task 4.22. F(x):‘V(;SX) +C, f(x)=31-3x.

Tmm4Z&F00:mx—1—1'+C,f@)=E+JL+—<
X 2% X x2 3
Task 4.24. F(X) = 2J/x + 2xx +C, f(x)= —X\/tl.
X

For the given function f(X), find the antiderivative function F(X)
whose graph goes through the point M.

Task 4.25. f(x) =4x—4x>, M(1;2).

Task 4.26. f(x) = 1 ,M(—E;InZJ.
2x -1 2

Task 4.27. f(x)=31-3x, M(0;0).

Task 4.28. f@)z%@x+e“) M (0:1).

Task 4.29. f(x) =5x"+3x* -4, M(-112).

Task 4.30. f(X) = \/% . M(54).
X +
Task 4.31. f(x)= % —-2x, M(98).
X
Task 4.32. f(X) = 2 M (f;Sﬁj.
COS* 6X 18

Task 4.33. f(X) = _g | M(l;—zﬁ).
sin < 4x 24

5
Task 4.34. f(X)=——=+X, M(4-3).
(X) > Ix (4-3)
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1_e2

f(x) =16x° + e, ML— —J.

Task 4.35. :
2 4
Task 4.36. f(x) =41 -4, M(L3e).

Task 4.37. f(x) = %sin §+ 4cosdx, M(x;3).

Task 4.38. f(x) = %sin §+ 4cosdx, M(r;3).

Find the indefinite integral of the given function f ().

Task 4.39. f(x)=3\/?+2x\/——i2.
X

Task 4.40.

Task 4.41.

Task 4.42.

Task 4.43.

Task 4.44.

Task 4.45.

Task 4.46.

Task 4.47.

Task 4.48.

Task 4.49.

Task 4.50.

X
f(x) =3e 3 + cosbx.

4
X —3X+2
f(x) = 5 .
X
1
f(x) = .
) cos?(2x —1)

f(x) = 2e72%*>.

Ix = x3%eX + x?

f(x) =
NE
f(X) = ZCOSZ_XZ.
COS“ X -Sin“ X
f(x):tgzx.
1
f(x) = .
() cos® X -sin? x
f(x):1+c032x.
COS X
f(x)=c0322x.
f(x)= 2 + 4

133
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Calculate the definite integrals.

Task 4.51

Task 4.53.

Task 4.55.

Task 4.57.

Task 4.59.

Task 4.61.

Task 4.63.

Task 4.65.

Task 4.67.

3 2 , 1
ngdx; Task 4.52. J(x +—2jdx;
1 1 X

1
16 ﬁdx
_[\/Y-dx; Task 4.54. j—;
1 1 X

e

1
4x — 1 de; TaSk4.56.I\/1—XdX;
0

S

8
—\/;dx; Task 4.58. '[(\/ﬂ +3/x)dx;
0

e
> | T
N

T

2
sin 3x - dx: Task 4.60. jcos 3x - cos 5xdx:

T

2

Ny P b P e—

T

2 2 »
[sin 2x-sin 7xdx;  Task 4.62. j(1—3x) dx ;
_r 0

2

z

4 Vg

j( . 22 + 32 jdx; Task 4.64. jcosz X - dX;
z\sin“ X €0os” X 0

6
Z
6 oi 0.5
js'r] 2X i Task 4.66. | (4x—ijdx;
o SIn X 1 2X
In 13

X
jz(ex +e *Hx;  Task 4.68. I d -
0 53/ (1+2x)
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Find the area of the figure bounded by the given lines.

Task 4.69. Y =X +2X, y=0.
Task 4.70. xy=4, x=1x=4,y=0.
Task 4.71. y:xz, y2 = 8X.

Task 4.72. y=-/x, y=0,x=9.

Task 473. Y=—X>—X+2, y=0.

Task 4.74. y=—-2(x -3 +2, y=0.
Task 4.75. Xy=4, X+Yy=95,

Task 4.76. Y=X°, y=2X—X°.

Task 4.77. y=X>—3X, y=4-3x.

Task 4.78. y = (x —1)° +2X, y=x+1.
Task 4.79. y=+/x, y=+/4-3x, y=0.

Task 4.80. y=+/x, y=2—X2, x=-1, y=0.

Task 4.81. y =1-2X, yzi.
X+1

Task 4.82. Calculate the area of the shape bounded by the curve

y = x> —X+2 and the tangent drawn to the curve y=3+InX at the point

with the abscissa X; =1.
Task 4.83. Calculate the area of the figure bounded by the parabola
y =—x*+4x—3 and the tangents to it at the points M (0;3) and N(3;0).
Task 4.84. Calculate the area of the figure bounded by the parabola

y =—x%+4x—3, and the tangent to it at the point M (3;5), and the ordinate

axis.
Task 4.85. Calculate the area of the figure bounded by the parabola

y= —X2 +4Xx — 3, tangents to it at the point X =2 and the line x =1.
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Questions for self-assessment

1. What is the antiderivative of the function f(X)?

2. What is the integration called?
3. Name the elements of the table of antiderivatives.
4. What is the definite integral of f(X) with lower (a) and upper (b)

limits called?
5. Name the first fundamental theorem of calculus.
6. Name the simplest properties of the definite integrals.
7. What is a simple geometric interpretation of an integral?
8. Name the formula that determines the area of a curved trapezoid.
9. What is the area of the figure bounded by the two continuous curves

= f1(x), y= f,(X) and the lines: x=a, x=D.
10. How is the antiderivative function F(X) for the given function f(X),
whose graph goes through the point M defined?

Answers
Section 1

1.3. 1) V2-+/3; 2) —05; 3) —g. 1.4. 1) 2ab; 2) (a—b)’; 3) a+b.
18.1) (+); 20 (+); 3 (-); 9 (-); 5 (+); &) (+); 7 (+); 8) (-).
1.9.1) (+); 2) (+); 3 (-); 4 (-); 5) (+); 6) (+). 1.10. 1) 0. 2) —g.
(a+b)a®+b?)

3) —2.4)2.1.11.1) a® +b?%; 2) ad+b%; 3) o 1120 (+);
a_

(=) 3 () H ) o5 )6 () D)8 (+): 9 (+).

12 5 . 15 15 13

1.18.1 =—; tga=——; 2 =—; tga=——; 3) ctgax = —;

) COSx 13 go o ) Sin T, go 3 ) Clg o c

sina:—i' COSaz——S' 4) tga——ﬁ' sina—ﬁ' COSa—l

V194" V194" 7’ 25’ 25’

1.19. —i. 1.20. 0.6. 1.21. @ 1.22. §. 1.23. 1) L; 2) sin? a; 3) 2,
12 3 7 cos’ a

136



4) L 5) . , 6) 2_ 130 1) 0; 2) 2sin22°; 3) sin 3; 4) 1
sin cosa cosa 15
131.1) — 1. 5 416, 4 M; 4) 2—+3. 1.32. 1) —sin2a;
125° 425° 4

2) J3cose; 3) —2sinasin §; 4) tga-tg B; 5) tg(a+ﬂ). 1.33. 1) ?;

2) ﬁsin(?ww%); 3) +/2; 4) tgl0°; 5) 2003(05—%). 1.40. 1) %;

2) —+/3; 3)—— 4) —tg40°;5) 2; 6) 0; 7) 0. 1.41. 1) 2tge; 2)

sin‘a’

sinl o

3) sin 6a; 4) 1; 5) —cos’ a; 6) — ; 1.53. 1) 1, 2) 4sin «;3) 0.5sin 4¢;

g 2c
1
COS &

4) ) %sinSa; 6) 0, 7) 2sinea; 8) 4cosa; 9) -1, 10) 2

11) sin?2a:. 12) tgdar 13) tge; 1.54. 1) 2oy L 2%, 2)%;?;?;

25" 25 7

3) 1. 4) 15; 5) 0,5 6) i; 7) —lsin— 8) 12; 9) tgg. 1.63.1) 0;
7 J3 25 2

e o _ . o 3a

2) —sin18; 3) +/25sin 25°; 4) ~3; 5) 4S|n3a-cos?cos7;

6) —tg5a - tga: 7) tga -ctgbar; 8) —tg? %; 9) 4cos1’ cos2°® cos25°; 10) 4;

11) 4003(30" + gjc:os(BO" — gj : 12) 4sin (Z + gjcos(z _ Kj;
2 2 8 2 8 2

13) 2sin (60o + a); 1.64. 1) sina +sSin2a +sin3a +sinda;  2) COSax +

+ C0S2¢x +C0S3xr + CoS4ex;  3) %sin 200 — %sin do;  4) %(005405 —cosba);

5) — %COSZO{ '6) 1+ 25in 2cr. 1.65. 1) 1o

; 2) tg2a; 3) tg3cx; 4) 2sin 2¢x;
Sin 5

5) cos2a; 6) 0032%; 7) sin3«; 8) 4cosc CoS2cx CoS3cx; 1.70. 1) 4?”
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T S5 137
2)Z-3)157: 4 - 5 L 1.71.1) 0; 2) V/3:3) 0; 4L 5) —
)3 ) Loz )12 )12 ) ) ) ) )

1.72. 1)£+2—ﬂn,neZ 2) (-1) —+@ neZ; 3)+5—+27zn 2 Z ¢ m,
10 5 10" 6 3
neZ;5)£+@,neZ;6)—z+7zn,neZ;7)@,neZ. 1.80.1)x1:£+27zn,
12 2 8 3 2

1 7N
X, =(-1" 2 a T neZ; 2) x_§+27zn neZ; 3) X1—5(3r0t97+7j,
xzz%,nez;@ x1=—%+27zn, X2=(—1)n%+7zn,nez; 5) X, =7+ 27,

X =iarccos§+27zn,n eZ.181. 1) —£+7zn,nez; 2) X, =arctg2 + zn,
4 4

x1:—arctg%+7zn,nez. 3) X, =arctg2 + zn, X, :—arctgg+7zn,nez.

1.82. 1) x1=7zn,x2=z+@,nez; 2) X =27m, x2=£+2—7m,nez;
4 2 5 5
2 T 7N {7 7N
3) X = =M, X -+Z +a,Nnel; 4) X =—+—,X =N, X3 =—+—,
) =g =ty SLAR=FL N 37247 2
neZ; 5) x1:27zn,x2:£+27zn, x3:1+4—7zn nelZ;, 6) xl:@,
2 5 5 2
x2=(—1)n£ @, neZ, 7) x1—£+@, x2=—£+—,nez
21 7 24 2 12 2
T 7m T T
1.83. =+ —, =—+—,nNel; 2) Xa=—+m,nNe’;
) X 68 3710 ) X3
A =M Xy =2+ 2 neZ; 184 1) x="" nez; 2 xlz?,
Xo =7M; X;=—,N€e’l 3)x1—@; x2:Z+@,neZ; 4)x=z+7zn,
5 2 2 2
m , 1
neZ. 1.85 1) X1=j, neZ, 2) x1=—arctg§+7zn, neZz;

x2:2arctg%+27zn,nez; 3) X =7m+2m, x2:2arctg§+27zn,neZ;
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2

4) . 1.86. 1) X =2, X :%+27zn,neZ; 2))(1:%+27zn,X2:27zn,

x2=2arctg(—5i\/ﬂ)+27zn,nez; 3) x1:§+27zn, X,=7+2mneZ.

1.87. 1) X :%+27zn, nNeZ; 2) X, =x+2m, xzziarccos%+27zn,nez;

3)x:(_1)n+1£+@, neZ;, 4) X=m,nel; 5) x1=z+@,
12 2 8 3
x2:£+@,nez; 6) x1:£+@,nez; 7) x:(—l)"£+@, neZz;
16 2 4 2 18 3
8) x.="+2m, x=(1"+™ nez; 9 x =Z+m, nez
4 24 4

10) x1=%+§7zn, X, =r+2mM,ne”Z; 11) x=%+?,x2:? neZ;

12)x1=%+7zn,x2=arct92+nn, neZ, 13) x1:%+27zn, Xy = 27,

T 7
X3 =~ +arccos —— + 27m, NeZ; 14) X1=—%+27m’ Xzzi%”m’nez-

542
x1:5—7r+27zn, x2:5+27zn,
1.89.1) < X 6 nelZ.
6 ' Y6 ’
T X, = 7,

X =an+—,

2)§ 4 T ne’Z.
LY, =—7m, Yo ==+
X =——+xz(n+k), |x,==+x(n+k),

3) - J neZ, keZ.
y,=——+xz(n-k), |y,==+x(n-k),




Section 2

2(m+2). ) 3(l-a)

2.4.1) 48; 2) 36; 3) 20; 4) 3; 5) 24; 6) 12,5; 7) 4; 8) ; .
2—m 1+b

2.6.1) (—oo;gj; 2)(-84), 3)(-0;-2)U(2:) 4) (~0;0)U(2;0)

2.13.1) 2;6;2)-1,3,3)4;4)8; 5)15;120; 6)8;7) 4;8) 4;7,9) 81,
10)5(5++/53} 11)1++10. 2.14. 1)2; 2)9; 3)3; 4)16; 5)4
6)L 7)-1. 2.15.1)2;2)0; 3)36; 4)—0.25;0.75; 5)+1; 6)2; 7)9;

2
5) {—1.0}; 6) {—2;2}. 2.22.1) 2;2) 4,3)3+%/7;4)3;5) 5; 6) {25}; 7) {2};
8) {11, 9} 2.23. 1) {86; 7}; 2) {14}; 3) {2,9}; 4) 43}; 5) {5}
2.24.1)10;2)100; 3) {1+3/10;1001}; 4) {-05}; 5) {10:10}; 6) {- 2; -8}

2.25. 1) %; 4;2)0,1;1000; 3)0,01;10; 4) 0,01;100;5) 3; 27; 6) %; 4,

8)3,1L 9)-14.2161) {01}; 2) {~2-1}; 3) {-2}; 4) {Iogs 2};

2.26. 1) 5; 2) 126; 3) {27}, 4) {16}; 5) {ﬁ;4}; 6) {— %};7) {L,2};

)¢5} 9 {1 0). 23223 201059 €110 G2) 9 (22) 6)(32);
7) (2,4),(42), 8) (1254), (625;3); 9) (3;2);(2;3); 10) (18;2); (218).

2.39.1) (~o0l); 2) }— oo;ﬂ; 3) (-31)
4) (— o0 % (1- Jﬁ)) U G (L+17) ooj; 5) (L4), 6) (- w;—Z)U(—é;oo);

7) (=13, 8) [1,5]} 9) (—0;0); 10) (2;0); 11) (= o0i1); 12) [0:1)U(3;0).
2.40. 1) (2;00); 2) (—o0;4); 3) [3;00); 4) (—o0;7); 5) (—0;2); 6) [0;16]

7) (—oo;log, 3]; 2.47. 1) @ﬂ 2) (-2-1]; 3) (-3;2); 4 (%;1);

]
5) (50;); 6) (1,2)U(3;4); 7) (2;3); 8) (4:6), 9) [-10); 10) (L;0).
2.48.1) [2:3); 2) [ 7;3]; 3) (23)U[5;0); 4) (3:4)U(6;0); 5) (3:4)U[5;00);
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6) (—0;0)U(1;2)U(23)U(4;0). 2.49. 1) (g;ljU(l;OO); 2) (0.51)J[2;0);
3) (0)UL:2)U(2 %) 250.1) (~0); 2) [0;00) 3) (~v2-1)U(1:2)
4) (0;0,01)U(100;0). 2.51. 1) (~5;,0)U(3;0); 2) (0;1); 3) [O:g): 2) (L4}

5) [2;3} 6) (2;0); 7) (— 3;—%}
Section 3

1 3
3.12. . 3.13. 6. 3.14. E 3.15. 2. 3.16. E 3.17.1. 3.18. «». 3.19. 4.

1 1
3.20. _é' 3.21. 4. 3.22. E 3.23. «. 3.24. 0. 3.25. 0. 3.26. —3. 3.33.

5 1

10x — 2 +5e*. 3.34. 7x2+gx2. 3.35. 42x+1. 3.36. 20x* +4x3 —8x® —4x.

3.37, 220X #30X712 555 30x (3x2 +4)' . 3.30, 4(5x3 —E) (15x2 + iz)
(3—4x) X X
2X 3/(ou2 1—cos x — xsin X
3.40. . 3.41. 6x/38x -1 3.42. .
V1+2x° ( )2 ' (1-cosx)
3.43. 6xCOSX*. 3.44. 6sin % x cos x. 3.45. —9sin (3x —5). 3.46. — 1 I
x? cos?® =
X
— 2ct [ 2 In’ 2
3.47. ng. 348 2HCNX 5 49 . 3.50. Ctgx. 3.51. LH)
sin < X J1— x2 2x+1 X+ 2
ew/X"r‘l

3.52. 2.102*'In10. 3.53. . 354,  3%"2X2In 3cos2X.
2~/ X +1

1 2 arcsin 2x
Vinx, 356. S0 . 3.60. 6x—y—-4=0. 361. y=

2x~+/In X V1= 4x2

=-5x—-3. 3.62. y=—3x+%. 3.67. Yy increases on Xe&(—o0;0)U

3.55. €
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U(3;0) and decreases on X e(~13). 3.68. y increases on X €(~0;0)U

1
U(Loo) and decreases on X €(0;1). 3.69. y increases on X € (E;OOJ and

decreases on Xe(O;%). 3.70. y increases on Xe&(—o0;—1)U(3;0).

371 VYmax =17 at X=4; yi, =-3 at X=1 andX=2. 3.72. Y. =20
at X==23; yi, =—12 at X=1.3.73. Y =€ at X=€; Yyip =0 at X=1.

: V4 13 13
3.74. there iS N0 Ymax: Ymin == at Xx=1. 3.75. x= =5 y=—?.
376, x=YOR; y 4R
5 5
Section 4
~3/(1-3x)*
425. 2X°-x’+1. 426 y=%|n\4x—2\. az7, V=30

4
1 X —-X 5 3 3 7
4.28.-§(e —e )+1. 4.29. X +x —-4x+10. 4.30. E»\/4x+ —5

431.  3J/x-x"+80. 432 tg6x+2-/3.  4.33. —ctg4x—5.

/3
2 1 4 1

4.34. 5&+X?—21. 4.35. 4x4+ze4x—z. 436. 2e7ie,

) ) 3 4 4
4.37. — cosg +SIn 4x + 3.5. 4.38. sIn §+ cos 5x. 4.39. gi’/x_5+g\/x_5+;+c.

X

-3 1. 1 1
4.40. —9e 3 +...+=sin 5x +cC. 4.41. In|x + = —-—;+c.
5 x> 2x*
442, tg(2x—1)+c. 4.43. % vc. 44s, 2.1 _exy In|x| + c.
2 e 3 Jx3
4.45. —tgx—Ctgx+C. 4.46. tgX—X+C. 4.47. tgx — ctgx + C.
4.48. 2sin X+cC. 4.49. 1 X + 1 sin 4x+c. 450. - 2 2ctg2x + C.
2 8 X+3
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451. 20. 452. —. 453. 42. 454, ——. 455, 125. 456. —. 4.57. —.
6 2 3 4

1 4 14
4 58. ﬂ 459, 1 460.0.461. —. 462. ——. 4.63. \/§+1. 4.64. 1.
3 3 45 125 2

In2-3

4.65. 1. 4.66. . 4.67.1.5. 4.68. 3. 4.69. 4/3. 4.70. 8In 2. 4.71. 8/3.

472.18.4.73.4.5. 4.74. 8/3.4.75. 7.5-8In 2. 4.76. 1/3. 4.77.32/3. 478.45.

3 42

4.79. 8/9. 4.80. Z_In 2. 4.81. T_l' 4.82. 4/3. 4.83. 9/4. 4.84. 9.

4.85. In 2—5.
8
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