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Abstract. Although the problem of formation of market prices, determination of equilibrium prices within the model
“Demand - Supply” is quite known and a great number of both theoretical works and works that summarize the results of
observations are devoted to its research, this problem remains relevant, especially as to the dynamics of pricing processes
and the stability of equilibrium prices in relation to changes in parameters that characterize the state of the system. Most
studies addressing these issues focus on either a particular local market or the global market for some products in general.
The purpose of this work is to build a mathematical model that would allow us to analyze general issues related to the
formation of transitional prices in the finite N-dimensional chain of sequential markets in accordance with the scheme
of market equilibrium. An analytical model is proposed that makes it possible to study the dynamics of prices in adjacent
markets. Within this model, which is based on the determination of processes using a system of integral equations, it was
assumed that the impact on the chain of sequential markets and the response to this impact are continuous over time. The
dynamic aspect of the proposed pricing model in the vertical sequence of markets is the existence of an “after-effect”, which
is described in an integral form by the delay distributed over time. The issues of adequacy of the model were examined, its
internal coherence was studied, the correctness of the transition from the mathematical model of dynamics as a system
of integral equations to the model in the form of a system of linear algebraic equations was substantiated. The conditions
for the existence of the solution for this system of equations and the area of its stability are formulated. The mathematical
model proposed in this paper allows for a qualitative analysis of the system states (by phase trajectories). Examples of
numerical implementation of our analytical model for two and three sequential markets are given, equilibrium prices for
each link of the chain of sequential markets are determined. Applying simulation modelling, the stability of the solution in
relation to changes in such parameters of the model as the elasticity of demand and supply in the market under study and
cross-elasticities in adjacent markets as well as the impact of these parameters on such dynamic indicators of the market
system as the rate of attainment of equilibrium was examined
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INTRODUCTION

At all stages of production of goods and services, as well as
their sale, the structures of interaction of economic agents
are quite diverse. However, generally there are two types
of relationships distinguished, according to which the clas-
sification of relations between economic agents is carried
out. Firstly, it is a hierarchical type of relations, i.e. ver-
tical interaction or even integration; secondly, these are
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relations of competition or cooperation at the same level,
i.e. horizontal interaction. In the international model of
differentiated goods, the “Rule of Three” market struc-
ture (RoT-market) can be implemented, which allows for
competition both within the country and between firms of
different countries [1]. In this case, the long-term risk of a
firm facing domestic competition may be higher or lower
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than the short-term risk, whereas a foreign monopolist has
less long-term risk.

While the features of horizontal interaction are
explored in many works of both practical and theoretical
direction, the issues of vertical interaction are more com-
plex, at least in theoretical terms, but they are becoming
increasingly relevant due to the rapid development of glo-
balization processes [2]. The problem of vertical interac-
tion in the product market has become especially acute in
recent years due to the COVID-19 epidemic. This has even
led to a failure in economic activity and, as a result, af-
fected the efficiency of participants throughout the mar-
ket vertical [3]. Thus, there is a need to build mathematical
models describing the dynamics of processes in a market
sequence. Thus, in his review “Mathematical Problems of
the Next Century” [4], the leading American mathemati-
cian Steve Smale, an expert in the field of mathematical
economics, identified the problem of introducing dynamics

e International market

o National market

into economic theory as one of such problems (the so-
called Problem 8: Introduction of Dynamics into Economic
Theory, according to his definition). And this theory of dy-
namic equilibrium should be compatible with the theory
(static) of equilibrium, which was laid down in the works of
Leon Walras [5] and acquired its modern appearance thanks
to the works of such scientists as Paul Samuelson [6] and
John Hicks [7].

Sales of many goods including, for example, agri-
cultural products, coal, oil, gas, electricity, are carried out
through sequential markets. Let’s consider the features of
the vertical structure of a market. For the commodity mar-
ket, the links of such chain are extraction of raw materials,
its processing, production of semi-finished products (or
components), production of finished goods, trade (sale),
i.e. delivery to the end consumer. The vertical sequence
of commodity markets can be represented by the scheme
shown in Figure 1.

o Large wholesale

e Small wholesale

o Retail trade

e Customer

Figure 1. The sequence of links of the vertical chain of markets (hierarchical structure)

In its most extensive form, such sequence is most often
observed in commodity markets. However, some types of
services, for example, IT technologies business, also have
a similar vertical structure of the market [5; 8]. Depending
on the type of goods, some chains in this sequence may
be missing. If the hierarchy of service markets is consid-
ered, such chain includes a minimum number of links. The
shortest vertical chains can consist of such levels: 1 -3 -5 -
6 or 2 -4 -5 - 6. In fact, the vertical sequence of markets
reflects a chain of successive stages of value creation. The
total sum of value added generated at each level of this
chain determines the final value of goods.

Numerous studies are devoted to assessing the
quantitative changes [9] that occur in markets as a result of
integration processes, and determining links between fac-
tors [10] that define the direction and speed of these pro-
cesses. Exponential sliding averages may be characteristic
of the system states, and the possible states themselves are
described with Markov chains [11]. But this analysis reveals
mainly the consequences, not the causes of the processes.
In order to understand the possible direction of evolution of
individual links in the sequence of markets and their conse-
quences, it is necessary to take into account the very nature
of qualitative connections between these links as well as to
determine the quantitative indicators characterizing these
connections with a variety of mathematical tools. Then,
based on the analysis of the obtained results, it is necessary
to develop a dynamic mathematical model of the system to
determine the trajectories of the system development and
identify the boundaries of stability of equilibrium states.

Modern theoretical studies of economic and social
problems are based on mathematical models of sufficiently
large dimensionality, with which the dynamics of the sys-
tem states by development trajectories is described, i.e.,
a qualitative analysis of the system is carried out. This
analysis is the basis for predicting the development of
processes that can occur in the system depending on the
implementation of a particular scenario, therefore, on the
value of the parameters that are provided in the model.
Thus, one of the first reports considered at the meeting
of the Club of Rome, namely “Boundaries of Growth” by
Dennis L. Meadows [12], included forecasts about human
population and the depletion of natural resources. The
basis for these forecasts were (this should be emphasized)
dynamic mathematical models, in which the state of the
system was described through a system of differential
equations. The value of this approach is that a compara-
tive analysis of the 1972 mathematical model and the 1993
World3 model made it possible to create a global devel-
opment strategy aimed at stabilizing the system that can
be called “Humanity”. The argument in favor of the effec-
tiveness of the application of mathematical modelling in
economic and social research also lies in the fact that the
analysis of the dynamics of processes that have taken place
worldwide over the past 30 years confirmed the consistency
of forecasts by the Meadows model [13]. This example
most convincingly demonstrates the feasibility of creating
mathematical models of dynamics to determine possible
directions of development of economic and social systems,
the availability of powerful computing equipment allows to
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consider scenarios that are determined by a large number
of variables, and the possibility of their implementation
depends on a large number of parameters. One of the ad-
vantages of mathematical modelling is that this approach
allows to obtain a fundamental solution of the problem,
and by substituting certain values of parameters, you have
the ability to determine the prevailing impact, thus the de-
velopment of the system can be set in the desired direction.

The need to develop mathematical models of the sys-
tem that would take into account as many significant factors
as possible is also explained by the presence of psychological
factors affecting pricing, for example, in the financial mar-
ket [14]. Thus, it has been proved that the need to make de-
cisions in conditions of uncertainty can lead to an increase
in the probability of systematic errors in the pricing process.

If you consider the relations between participants
that determine the pricing process at different levels of the
market vertical [15; 16], then at the lowest level, the re-
lationship between the buyer and the seller has the form
of a one-time agreement, and all information about the
product is reflected by its price. The next step is repeated
transactions, leading to the formation of weak, but certain
relations between the buyer and the seller. However, indus-
trial marketing, especially within the global industry [17],
is generally based on closer long-term relations that rely
heavily on the interaction between market participants.
Such relations are inherent in a higher level of the mar-
ket vertical. Strong partnership relations are also possible;
their formation is associated with the transition to quality
management (which makes products more attractive to the
buyer). A strategic alliance, an example of which is a joint
venture, corresponds to the highest level. At the present
stage of development, this type of interaction becomes an
integral part of a firm’s global strategy, since it accelerates
the development of its technological capabilities, reduces
risks and promotes access to new resources and markets.
Thus, there is an evolution of marketing management
manifested in the transition from viewing marketing as
competition, when the interaction of market participants
takes the form of individual transactions, to viewing it as
cooperation and formation of vertical relations. Although
transactions are considered the most common marketing
relations between actors, vertical integration is considered
the most complete when raw material suppliers and product
sales companies are part of the main product company.
Apparently, the vertical market structure involves different
types of relations between the buyer and the seller.

Although many works are devoted to the issues of
interaction between sequential links of the market vertical,
they all have a predominantly practical direction, and only
a limited range of works relates to the study of theoretical
principles of the dynamics of pricing processes for the market
vertical as a single system.

A. Voronin et al.

The purpose of the work is to build a mathematical
model to determine the formation of transition prices and
equilibrium prices for each link in the chain of successive
markets and, based on the obtained analytical model, to
study the influence of external factors on the dynamics of
these processes. As external factors, the elasticities of the
supply and demand functions within the market of that
link of the vertical sequence for which the study is being
carried out, and cross-elasticities for adjacent markets
(previous relative to the investigated market and the next
after it) will be considered.

MATERIALS AND METHODS

In modern science and technology, models based on dif-
ferential and integral analysis are successfully applied to
model dynamic systems. This approach is also becoming
common in the research of economic and social systems.
Now we can provide examples of a considerable number of
economic problems, for the formalization of which differ-
ential and integral equations are used [18-20]. It should be
noted that models based on the application of differential
equations can be used when the impact on the system and
the system’s response to this impact are measured both at
some fixed points in time and in continuous measurement,
while the application of integral equations implies that this
impact is distributed over time. However, both integral and
differential equations describe the case when the processes
that determine the state of the system are continuous in
time. When time is considered discrete, difference equa-
tions are used to build dynamic models of economic sys-
tems [21; 22]. There are also attempts to apply non-local
fractional operators, which go beyond the traditional use
of elements of differential and integral calculus in building
economic models of dynamics [23]. The processes occurring
in the system can be considered Markov ones, i.e. when at
random moment of time the evolution of the system is de-
termined only by its current state and does not depend on
how the system has reached this state. Markov chains are
applied to determine possible transitions [11]. Functional
autoregressive models are also used for modelling the price
market [24]. Recently, another area of study of dynamic
systems has emerged, which is related to the application of
elements of fuzzy logic in creation mathematical models.
In this case, for example, demand and supply are described
by fuzzy numbers, and the learning function changes with-
in fuzzy limits [25]. Thus, there is a natural interest in the
extended application of mathematical apparatus to the
modelling of economic dynamics in the research of pricing
processes in the system of sequential markets.

This paper investigates the structure of interaction
in sequentially connected markets, the number of which in
general can be equal to N, based on a simplified scheme of
sequential markets, which is presented in Figure 2.

Market Market Market Market Market Market Market
1 2 i=1 i i=1 N.1 No.

Figure 2. Simplified scheme of the system of sequential markets
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To build a deterministic analytical model of sequen-
tial markets, principles of the theory of integral equations,
the Laplace transform, the theory of matrices and deter-
minants were used, and to test the theoretical principles
on the dynamics of the formation of equilibrium prices,
simulation modelling using MS Excel was made within the
framework of this mathematical model.

RESULTS AND DISCUSSION

The organization of each market is based on mechanisms
of the mutual consistency of supply and demand, which
are, respectively, functions of price. Let’s assume that
the demand function D, in each market depends only on
the price p, in that market, i.e. D=D,(p), where i=(1,N).
Whereas the supply function S, will depend not only on
the price p, in the given market, but also on the prices p,,,
and p,, in adjacent markets, i.e. S=S(p,, p, p,.,), where
i=(2,N-1). Let’s consider boundary cases. Thus, at i=1 we
will have =S (p,, p,), and at i=N, respectively, we will have
S,=S,(Py.,» D)- To formalize the functions of supply and de-
mand, let’s assume that they have a linear dependence on
price arguments. This assumption, although not expressed,
is taken for granted in the interpretation of market equilib-
rium by both Walras [5] and Marshall [26]. So, let’s write the
functions of supply and demand as follows:

D;=d{ —d;jp; for i=1N, 1)

Si=cpirtapi+bipyy —sifor i=2, N-1, (2)
where constant values d?, s° have autonomous, i.e. inde-
pendent of prices, values of demand and, consequently,
supply functions; parameters d. and q, are elasticities of
demand and supply at a price p,; parameters ¢, and b, are
the values of cross-elasticities at prices p,  and p,,, (prices
in adjacent markets).

In some cases the marginal supply function takes the
form of:

i+1

Sy =apy +bip, — 57, (2’)
or

@

Using the relations (1), (2), (2°) and (2”), it is not difficult
to create a system of algebraic equations for finding equilib-
rium (static) values of the price of goods in each of the markets,
i.e.,thevalue p,"p,’..., p,"provided that D=S, where i=(1,N).

Sy = CcyPy-1+ anby — S§ -

When creating mathematical models of problems of
a non-stationary (dynamic) nature, it is quite common to
apply integral equations of the Volterra type, which have a
variable integration area [27; 28]. The application of inte-
gral equations is a method of mathematical modelling, as
a result of which a relationship is established between the
known source data and the determined characteristics of
the phenomenon under study. Most often, integral equa-
tions are used to model physical processes, but recently
there has been an expansion of their application not only
to other branches of natural science, but also to economic
processes and phenomena. It is this mathematical apparatus
that the authors chose in order to create a dynamic model
of a sequential chain of markets.

The dynamic version of the mathematical model of
the system of sequential markets has a slightly different
basis compared to the static model, since it is necessary to
someway take into account the inertia of price evolution.
This can be done using a latency factor, which in time di-
mension can be either a fixed lag or distributed over all pre-
vious time periods. In this study, when creating the model,
the second option was chosen, i.e. it is assumed that there
is a distributed lateness in a continuous time segment. So,
let’s assume that the demand at a fixed point in time is
equal to the supply over the entire previous period of time:

Dy(pi()) = [, Ki (6 D)8 (P11 (1), (1), Prsa (D)d for i=T,N, (3)

where K(t,7) is the function of the two arguments, which is
the kernel of the integral equation, characterizes the way
the “dynamic memory” about the previous supply values
is organised in relation to the fixed point in time for which
demand is determined. In general, it is a function describ-
ing the system’s response to external influence at a certain
point in time. Obviously, in order to ensure causality, the
time variable for all of these functions must be descending.
The system of integral ratios (3) is the basis for de-
termining the price dynamics in each of the studied mar-
kets. For the sake of simplifying this system of functional
equations, we will consider that all functions K(t,7) depend
on the difference of their arguments in the same way;, i.e.

K;(t,7) = K(t —7) for i=1,N. 4)

With the assumption (4) considered, the system of
equations (3) takes the form:

¢ — dypy(8) = [y K(t = 1) - (@p1 (1) + byp,(1) — s9)dr,

d? — dip(t) = [ K(t = 1) - (Pi-1(D) + @y (1) + bypisa (1) — s?)d, (5)

\df — dupn(t) = fotK(t —1) - (ypw-1() + aypy(7) — sp)dr.

The system (5) is a system of linear integral equa-
tions of the Volterra equation type. It can be solved
by traditional methods of the theory of integral equa-
tions [20; 29]. However, this system contains a very large

number of parameters, so we will look for other solutions.
Let’s each equation of the system is divided by its corre-
sponding d. (i=(1,N), and we get a system of integral equa-
tions with fewer parameters:

[pd —pu(®) = [[K(t=1) - (@~ py(2) + b p2(x) — a- py)dr,

{pd —p@® = [ K(t=1) (¢ pea(D) + @ py(r) + b prys (1) — @+ py)d, 6)
[ e

Pa —pu(®) = J, K(t =) - (¢ py-1 (1) + @ py(1) — a- py)dr.

Il- 28
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The dynamic aspect of the proposed model is the
existence of an “after-effect”, which is described in an in-
tegral form by a distributed time lag. Thus, if the kernel
K(t-7) is not taken into account, the system (6) contains five
parameters, namely:

a= a_: - is relative elasticity of supply as to demand for
the i market;

b= % c =§ — are relative cross (reciprocal) elasticities
of supply as to demand in markets that are adjacent to the
market under study;

A. Voronin et al.

Py = 4 —is price at “zero” demand,;
i

s9

Py = ;‘l — is price at “zero” supply.

According to the scheme of formation of “Demand and
Supply” market equilibrium by Walras (Fig. 3) prices at zero
demand and zero supply are defined as the points of inter-
section of the graphs of the corresponding functions with
the axis of ordinates.

Q

Figure 3. Market equilibrium model by Walras

It should be noted that this well-known scheme is generally
given to illustrate the concept of an equilibrium point itself as
a point of intersection of graphs of functions describing supply
and demand. In this article, the scheme is necessary for a clear
explanation of the concepts of zero demand and zero supply
which are considered when creating a mathematical model of
market dynamics. Given that the right-hand part of each of the

1+aK(A) bK(A) ... O 0 0
o 0 .. cK() 1+aK(A) bK()
o 0o .. 0 0 0

where K(4) is a fractional rational function of the parameter /.

equations in the system (6) is an integral convolution, it is ad-
visable to apply the integral Laplace transform to this system:

(D) = foooe"”pi(t)dt for i=1,N. @)

As a result, the system of linear algebraic equations
relative to p (1) acquires such a view:

Pa+a-psK(2)

0 0 pi(D) 2
0 0 pl(ﬂ,) _ pd+a«;SK(l) , (8)
cK(1) 1+aK(1) Mo pata-psK(A)
2

parameter is distributed by the exponential law from 0 to t.

For example, if the kernel is recorded as K(t — t) = exp —E), Dividing each equation of the system (8) by the value K(}),
then K(2) = - ,11+1 , Where T'is a certain constant characteristic =~ we obtain a new system of linear algebraic equations which
of time, namely the parameter that determines lateness. This  can be presented in matrix form:
D) -P() =F() ®)
where
ay(1) b 0o ... 0 0 p: () 1
() = c ag() b ... 0 0 P(D) = p.(D) P2 = pd.K—l(;)JraAps 1
0 0 0 ¢ ag(h) pr(D) 1
accordingly,
a() = K1) +a.
The matrix equation (9) will have the following solution: Upon converting it, we get the formula:
N+1 N-1
P(L) = d (L) - F(L), (10) Ay = (au+ /a5—4bc) —(ao— a(2)—4bc) (12)

if there is an inverted matrix ®-'(4) for the matrix ®(%). Thus, it
is necessary to check whether the determinant of the matrix
@(4) is different from 0. It should be noted that the matrix
@(4) is a tridiagonal matrix or Jacobi matrix [30, p.34]. There
is a recurrent ratio with the corresponding initial conditions
for calculating the determinant of such matrix:

Ay =aog(D) -Ay_1(A) —bc- Ay, (A) . (11)

Economic of Development. 2022. Vol. 21, No. 1

2N+1-\lu§—4bc

Let’s determine under what conditions the matrix
@(1) becomes degenerate, since in this case the matrix
equation (9) will not have a solution. To do this, we need
to solve the following equation A,(2)=0. Therefore, from
the formula (12) we obtain

2(N+1)
(a0+ ai —4bc> 1

N (13)
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Given that a,(1)=K'(1)+a, this means that:

-1 —_
K tra 2(N+1\)/T, or K*(A) +a=2vbc- cos% for m=0,N.

2-y/bc

In the case where K(1) = %

Hence you can find that:

there is a relationship:

+ (14)
T/'lm+1+a=2\/E-cos;—:"1 for m=0,N. (14%)
Am=%~(—1—a+2m-cos;—:"l) for m=0,N. (15)

Thus, to ensure the fulfillment of the stability con-
ditions for the system (9), i.e. the existence of its solution
(10), it is necessary and sufficient that the following condi-
tion is met: 2 <0. Therefore, as follows from the ratio (15),
it is necessary to solve the inequality:

1+a > 2vbc. (16)

Taking into account the meaning of the parameters,
the condition (16) acquires this economic interpretation.
In order for the system of algebraic linear equations (9)
relative to the price of a particular product in each of the
sequential markets in the market vertical to have a stable
solution, the following condition must be met: the arithme-
tic mean of the elasticities of demand and supply for each of
the markets must be greater than the geometric mean of the
cross-elasticities of supply in their adjacent markets.

Let’s consider how this mathematical model is im-
plemented on the example of a small number of sequential
markets. Further we will examine the sequential chain of
markets, for which the markets adjacent to the studied one
are symmetrical, i.e. b=c as well as k(1) = ﬁ and, respec-
tively, a ,(2)=K'(A)+a.

Example 1 (analytical model). Let there be only two se-
quential markets, i.e. N=2. In this case the system of linear
algebraic equations in matrix form (9) is recorded as follows:

Therefore, you can write down the solution of the
system of equations (17) in matrix form:

21 (/1)) _ 1 (ao(/l) —b ) P @i+Dtans (1
(pz D) @w-»2\ =b  ay(D) 2 (1) ’ (18)
It follows from the ratio (18) that:
_ _ pa(TA+D)+aps _ pg(TA+1)+aps
P =p, () = 3.(a0(1)+b> - Ad-(m+1+a+b) ’ (19)
or
pr(A) = py(R) = PLTPs (a+b)-pg—a-ps (20)

A-(1+a+b)  (1+a+b)-(A+(1+a+b)/T) "

Using the inverted Laplace transform, we obtain
a formula that determines the change in the transitional
market price over time:

P(6) = Py(8) = pi + CRBEEs o (240 4) - (2)

(14+a+b)

where pi, is the equilibrium price for each of the markets.
This price is determined by the ratio between the price

at “zero” demand, the price at “zero” supply for this market

and elasticities in this market and the ones adjacent to it:

(22)

Example 2 (analytical model). Let there be three se-
quential markets, i.e. N=3. In this case, the system of linear

ao(l) b . pl(;{) _ pa-(TA+D+aps . (1) 17 . . . . .
b a,(W) \p,(1)) ) 1) (I7)  algebraic equations in matrix (9) is recorded as follows:
p1(A) . ag() —b* —ag(H-b b? 1
(TA+1)+a-pg

(D) | = heet e | —a )b ad@) —a(W)b |- (1) 23)

ps(A) ’ —ag(D)-b aZ()—b2) \

Therefore, the solution to the system of equations (23) can be written as follows:
p1(A) . ag() —b* —ag(H-b b? 1
(TA+1)+a-ps

(1) | = P e —ag )b @) —a() b |- <1> (24)

ps(A) o b2 —ap(D)-b ad)-b2) \1
After the necessary transformations we get the ratio pis= (1:{% (pa+a-ps); (27)

to determine the price in each of the markets:
1+a-2b
=2 tanpy), 28
1) = @b paTA+ap (25) P2 = Gvap (Pa Ps) (28)
p1,3( )_ ag(ﬂ.)—sz 2 . . . . .
and the ratios defining transition regime prices for the first
P, () = ;0((;))‘22; ."d'(“’;”*“"’ﬁ (26)  and third markets:
21

From (25) and (26) we find equilibrium prices for
each of the markets:

I.- 30

N —1-a+by2 —1-a—by2
P s(t) =pis+ A -exp (++‘/_ t) +A, - exp (aff t),

Economic of Development. 2022. Vol. 21, No. 1
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where:
A = (1+(2-1)b)-pa+a-ps—(1+a+by2) pis.
1= 5
2v2b
A = (WZHDb-D)pa-apst (ta-byZ)pis (29)
2 5
22'b

as well as for the transition price in the second market:

. —1-a+by2 —1-a-by2
Py(t) =p5+ Dy - exp(+- tt)+D2 - exp (+ t)
where
(1+(V2-2)-b) pgta-ps—(1+a+bv2)p;
D, = ;
2V2b (30)
D, = ((V2+2) b—1)pg—apst(1+a—bv2)py
, = 3
2y/2b

Note that in the general case for the systems (9) and
(10) there are analytical solutions that are based on the ex-
plicit form of the inverted matrix @!(%). Its elements take the
form of Chebyshov polynomials of the second kind [31; 32],
but this issue lies beyond the scope of this work. Based on
the analytical models given in Examples 1 and 2, we will

110
P(t) a=0.2
100 \ a=0.4
90 \\ -a=0.6
30 777\\\ a=0.8
70 ———
60
50
t
40 T T T 1
0 1 2 3 4
a)

analyze the impact of the elasticities of supply and demand
functions on the magnitude of equilibrium prices and the
dynamics of changes in transition market price for the case
of two and three sequential markets using simulation
modelling.

Example 1 (results of simulation modelling). When
calculating the analytical model for two sequential mar-
kets, the following values of the system parameters were ad-
opted, namely: for both markets, the price at zero demand
was taken as 100 percent and amounted to p,=100 conven-
tional units, and the price at zero supply was 10 percent
of the price of zero demand, i.e. p=0.1-p =10 conventional
units. Let us remind that the change in transitional market
prices over time for both the first and second markets is
described by the same ratio (21). Figure 4 shows the results
of the study of the impact of “demand-supply” elasticities
that occur in the market under study (Fig. 4a) and in the
adjacent market (Fig. 4b) on the dynamics of changes in
transitional prices.
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Figure 4. Dynamics of transition prices in two adjacent markets depending
“demand-supply” elasticities in the market under study (a) and in the adjacent market (b)

As can be seen in Figure 4, the transitional prices in
both the first and second markets decrease monotonically
over time. This result is not unexpected since the ratio (21)
contains an exponent. It should be noted that although the

growth of elasticity “demand-supply” both in the market
itself, for which the study is conducted, and cross-elasticity
accelerate the price reduction, they do not noticeably affect
the speed of reaching the equilibrium price.
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Figure 5. Equilibrium price as a function of elasticities in two adjacent markets
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This can be explained by the fact that with increasing
elasticity the value of the equilibrium price in each of the
markets significantly decreases. Thus, Figure 5 presents a di-
agram showing the changes in equilibrium prices in the chain
of adjacent markets with a simultaneous change in elasticities
both in the market under study and in cross-elasticities.

The features described above are inherent in both
inelastic and elastic markets. It is also interesting to note
that for the case of two sequential markets it was found
that the violation of condition (16) does not affect the re-
sults of the calculations in any way.

Example 2 (results of simulation modelling). In order
to compare the results of calculations, when calculating
the analytical model for three sequential markets the same
values of the system parameters were adopted, namely: the
price at zero demand was p =100 conventional units, and
the price at zero supply was equal to p=0.1-p =10 conven-
tional units. Let us remind that the change in transitional
market prices over time for the first and third markets is

described by the same ratio (29), while for the second mar-
ket the change in transitional market prices over time is
described by the ratio (30).

Let’s consider the dynamics of transition prices in
each of the three markets, depending on the elasticities in
the market under study and cross-elasticities. Unlike with
the sequence of two markets, the change in transitional
prices is not monotonous for a chain of three markets. With
certain elasticities, the price reaches the minimum value
in a short time, and then it increases slightly and reaches
the equilibrium value. As an example, Table 1 shows the
results of calculations of such characteristics as the equi-
librium price in each of the three markets, the lowest value
of the price (min p, ;and min p,) that it achieves throughout
the duration of the study (50 conventional units), the time
period corresponding to the attainment of this minimum
value t(p=min p, ;) and t(p=min p,) depending on the elas-
ticity in the market under study, provided that the cross
elasticities are constant and equal b=0.3.

Table 1. Characteristics of price dynamics in three sequential markets

I.- 32

a 0.2 0.4 0.6 0.8 1.0 1.2 14

Pis 72.86 64.27 57.90 52.94 48.95 45.67 42.90

P 48-57. 46.74 44,54 42.35 40.31 38.45 36.77

minp, , 72.65 64.27 57.90 52.94 48.95 45.67 42.90

min p, 48-57. 46.74 44.53 42.34 40-30 38.44 36.77
tp=min p, ) 3.2 5.0 18.8 15.8 11.6 12.0 10.4
t(p=min p,) 27.8 21.6 4.6 3.6 3.2 3.0 3.0

As shown in Table 1, for the given conditions the
equilibrium prices in all three markets decrease monotoni-
cally with an increase in the relative elasticity of supply as
to the demand in the market under study. For the first and
third markets, this trend was observed at almost any ra-
tio of elasticities in adjacent markets (Fig. 6a), since at low
values of the parameter b, the growth of the parameter a
ensured the fulfillment of the condition (16). Violation of

m 80-90
m 70-80
m60-70
m 50-60
m 40-50
m 30-40
m 20-30

this condition occurred only when combining small values
of the parameter a with large values of the parameter b.
For the second market, a monotonic decrease in the equi-
librium price was found only at small values of cross-elas-
ticities when the condition (16) was not violated. At large
values of the parameter b there was initially a slight in-
crease in the equilibrium price, which was then followed by
its monotonic decrease (Fig. 6b);

m 70-80
m60-70
m 50-60
m 40-50
m 30-40
m 20-30

Figure 6. Equilibrium price depending on the elasticities for the first and third (a) and for the second market (b)
in three adjacent markets
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Let’s note another feature of pricing, which is illus-
trated by the data given in the four bottom lines of Table 1,
i.e. the process of establishing an equilibrium price is not
monotonous in time. It was found that with certain a and
b parameter ratios and the “transition price-time” function
reaches a minimum value in a sufficiently short period of
time and then it reaches an equilibrium value. Thus, when
the a=0.2 difference between the lowest price and the equi-
librium price for the first and third markets is 0.29% of the
equilibrium price, whereas for the second market the tran-
sition price changes monotonically over time and its min-
imum value is equal to the equilibrium price. Conversely,
at a=0.6 (and more) transition prices in the first and third
markets change monotonically. In the second market, the
minimum price is observed at t=4.6, then the price rises to
an equilibrium value. Under these conditions, the difference
between the lowest price and the equilibrium price for the
second market is only 0.01% of the equilibrium price. But
this difference grows with the increase in elasticity in the
market under study and at a=0.9 it already reaches 0.03%
of the equilibrium price. We should also note that the time
period, during which the transition price becomes equal to
the equilibrium price, decreases with increasing elasticity.
This is observed for all links of the chain of three markets, al-
though the equilibrium in the second market is reached in a
shorter period of time than in the first or third ones.

It should be noted that the results in Table 1 are only
one example of the impact of elasticities of “demand-sup-
ply” curves on price dynamics. Similar calculations within
the scope of this work were carried out for other elasticity
ratios both in the market under study and for cross-elastic-
ities as well as for other values of marginal prices.

Let’s compare the obtained results with the findings
of other researchers. As noted in the literature review, the
problem of equilibrium in the system of “demand-supply”
is multifaceted and has a very large number of research ar-
eas. As a rule, they consider the interaction of two actors in
the horizontal market [33; 34]. This is due to the fact that
the interaction of actors in the vertical market is consid-
ered more complex [35]. Game theory [36] and differential
calculus [37] are most often used as a mathematical ap-
paratus for modeling. In this study, we propose a general
model of the sequence of N-dimensional vertical markets,
which takes into account the effect of time-distributed late-
ness, i.e. when present demand is affected by supply in the
past. Unlike other models, this model of economic dynamics is a
system of integral equations. The same distributed lateness
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kets were formulated on the basis of these equations. The
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The results of calculations by the proposed analyt-
ical model give scope for additional research. The authors
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AHaTonin BiTaninosmnu BopoHiH, IpuHa JleoHigiBHa Jle6eaesa, CtenaH Ceprosud Jle6eaes

XapKiBCbKMM HaLiOHaNbHMM eKOHOMIYHUM YHiBepCcUTET iMeHi CemMeHa Ky3Heuq
61166, Nnpocn. Hayku, 9A, M. XapkiB, YKpaiHa

OAvHaMika dopMyBaHHA nepexigHUX UiH
Ha NaHuUlory nocnigoBHMX PUHKIB: aHaNniTU4YHa Moaenb

AHortauis. Xoua mpo6iema hopMyBaHHS pPUHKOBUX I[iH, BU3HAUEHHSI PiBHOBaYKHMX I1iH B MeXKaX Moyiei «[[omnT - TPONo3uILisi»
€ TOCTaTHbO BiOMOIO, i 1i JOCTiAKEHHIO TPUCBSIYEHO YMMAJIO SIK TEOPETUYHMX POBIT, TaK i pO6iT, B SIKUX y3aralbHIOIOTHCS
Ppe3y/IbTaTy CIIOCTEPEsKEeHb, it TPO6IeMa 3aIUIIAEThCS aKTyaabHO0, 0COGIMBO B Til 1i YaCTVHI, IO CTOCYETHCS AMHAMIKYU
TPOIIeCiB I[IHOYTBOPEHHSI i CTiMIKOCTi piBHOBa)KHMX IIiH BiTHOCHO 3MiHM ITapaMeTpiB, 1[0 XapaKTepPU3YITh CTaH CUCTEMU.
V 6inbIocTi DOCTiIKeHDb, MO MPUCBSIYEHI UM MUTAHHSM, OCHOBHA yBara MpUAiNSETbCS ab0 MeBHOMY JIOKATbHOMY
PUHKY, a60 17106aJIbHOMY PUMHKY JesSKOi MPOAYKILii B 1isioMy. MeToro gaHoi po60TH € 1ToOyI0Ba MaTeMaTUYHOI Mozeti,
sika 6 JO3BOJIsIIA Y 3arajJbHOMY BUIVISIAL 3A1MICHIOBATY aHaIi3 MUTAaHb, 10 MOB’sI13aHi 3 GopMyBaHHIM MepexigHuX IiH
Ha CKiHYeHOMY N-MipHOMY JIQHIIIOTY MOCJAiNOBHMX DMHKIB 3TiHO 31 CXeMOI0 PMHKOBOiI piBHOBary. 3alpoIIOHOBaHO
aQHATITUYHY MOJIE/Tb, ITI0 03BOJISIE TOCTIIKYBaTH AMHAMIKY ITiH Ha CyMiXKHMX pUMHKaX. Y Meskax I1iel Moferi, 1o 6a3yeThcst Ha
BM3HAUEHHI ITPOIIeCiB 3a JOIIOMOTO0 CMCTEMM iHTerpaJbHIX PiBHSHb, Tepe16avyaoch, [0 BIUIMB Ha JIAHI[IOT ITOCTiJOBHUX
PUHKIB i peakilist Ha 1Ie¥i BIUIMB € HellepepBHUMM Y yaci. [[MHaMiuHMii acIieKkT 3alIporoHOBaHOI MO/Iei I[iHOYyTBOPEHHS
Ha BepTUKaIbHili MOCTiTOBHOCTI pUHKIB IOJISITAE B iCHYBaHHI «e(eKTY MiCIsSAii», IKUii B iHTerpaabHiii GopMi OImmcyeTbest
3ari3HeHHSIM, pO3IOAiIeHUM Y yaci. PO3mISIHYTI MUTaHHS afeKBaTHOCTI MOJieli, MPOBeAeHO NOC/TiIKeHHS i1 BHYTPillIHbO1
Y3TOMIKEHOCTi, OOIPYHTOBaHA KOPEKTHICTh MepexXoAy Bif MaTeMaTUMYHOI MOAeNi OMHAMiKM SIK CUCTeMMU iHTerpajbHUX
piBHSIHB 1o Mogmeni y dopmi cuctemu JiHiliHUX anre6paidyHuxX piBHSHb. CHOPMYIbOBAaHI YMOBM iCHYBaHHSI PO3B’SI3KY
1iei cucTeMyu piBHSIHB i BU3HAUeHa 06IacTh oro crifikocti. MaTeMaTHYHa MOJENb, 10 3alIPOIIOHOBAHA Y AaHiil po6oTi,
JO3BOJISIE 3MiMICHIOBATM SIKICHUIT aHasIi3 CTaHiB cucTeMu (3a Ga3’oBUMM TpaeKTopisiMu). HaBemeHo MpUKIagM UMCeTbHOI
peaJtizallii OTpMMaHOi aHAIITMUHOI MOJesi AJIsT BUTIA[IKY JBOX i TPhOX MOCTiOBHUX PUHKIB, BU3HAUeHi PiBHOBasKHI I[iHM
JI7IST KOSKHOI JTAHKM JIaHIIIOTa TOC/TiIOBHMX PUHKIB. 3a IOMOMOrOI0 iMiTallifiHOTO MOJIeI0BaHHS JOCTIIKYBalach CTiMKiCTh
PO3B’SI3Ky BiITHOCHO 3MiHM TaKMX TIapaMeTpiB MOJIeNi, SIK eTACTUYHOCTI TIOMUTY i IIPOMO3ULIii Ha PUHKY, IO AOCTiIKYETHCS,
i IepexpecHMX eaCTUYHOCTeN Ha CyMDKHUX 3 HUM PMHKAaX, & TAKOX BIUIMB LIMX apaMeTpiB Ha Taki AMHAMIUHI MOKa3HUKNU
PVMHKOBOI CMCTEMM, SIK IIBUIKICT JOCSITHEHHS PiBHOBAru

KntioyoBi cnoea: pHKOBa BepTHKaJlb, lIiIHOYTBOPEHHS, (Pa30Bi TpaeKTopii, iHTerpanbHi piBHSIHHS BombTeppa, afeKBaTHICTb
MoJieni, iMiTalliliHe MOJIe/TIOBaHHS, e/1TaCTUYHOCTI MOMUTY i MTPOTO3UITii
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