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Abstract. The research relevance is predefined by the widespread use of elements and structures that have the shape of
canal surfaces in engineering practice and the possibilities of reproducing the surface through kinematics. The research
aims to develop new means of modeling canal surfaces referred to as a grid of curvature lines by introducing elements with
special properties into the structural model that simplify the solution of differential equations and reduce the amount of
computation. To achieve the research methods, the synthetic geometric method, methods of linear algebra, the theory of
differential equations and differential geometry, as well as methods of computer geometric modeling and visualization of
three-dimensional objects were used. Studies on modeling and studying the properties of channel surfaces are analyzed.
The research on the problem of the surfaces and lines of curvature is considered in more detail and the conditions under
which it is possible to simplify the solution of the differential equation are identified. It was proved that the condition
of contact between the canal surface and the plane along a given plane curve is sufficient for this curve to be one of the
curvature lines of the family of orthogonal to the generating circles. This allowed to reduce the solution of the differential
equation to two quadratures. The expressions of the corresponding integrals and an algorithm for modeling the canal
surface with the possibility of referring to a grid of curvature lines were obtained. The expressions that define the desired
surface include the parametric equations of a given plane line; a function that determines the radii of the spheres of the
family depending on the parameter of this line. A specific example of modeling a surface based on a defined formula
was also considered, and images of this surface with visualization of the coordinate grid were presented. The research’s
practical values are defined by the possibility of using the developed modeling tools in the design and computer-aided
design of the geometry of real products containing surfaces of a smooth transition of variable radius
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¢ INTRODUCTION

Since canal surfaces can be formed kinematically, they are
common in engineering practice, from mechanical and
hydraulic devices to architectural structures. Information
and software for geometric modeling and design consist
of many tools that allow the formation of objects of the
required shape. These tools can form initial shapes by
moving along a given trajectory, deform (mix surfaces), re-
construct shapes, form transition surfaces between given
surfaces, etc. The so-called tubular surfaces are common
in geometric computer modeling, which are canal surfaces
with a generating circle of constant radius and has many
practical applications. For example, they can represent the
surface of a spring (a perfect spiral), which can be seen in
real life on climbing plants, corkscrews, etc. Such surfaces

can also use the form of compartmentalized surfaces of
round cylinders. Within canal surfaces, it is possible to em-
phasize mixing surfaces or smooth connections between
two given surfaces. They are obtained from the initial ca-
nal surface through an operation consisting of generating
one or more auxiliary surfaces that create a differentiated
(smooth) transition between them so that the final object
is a combination of all previous surfaces into a single part.

Thus, the study of new means of designing canal sur-
faces is necessary for the further development of computer
geometric modeling tools and their implementation in
computer-aided design systems for complex objects.

The research aims to develop new tools for modeling
canal surfaces based on curvature lines by introducing
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elements with special properties into the structural model
that simplify the solution of differential equations and re-
duce the computation required.

The research novelty is defined by the use of new con-
structive means (a specified flat line of curvature) in the
geometric model of the canal surface instead of the tradi-
tional ones (sphere family center line). The introduction of
the curvature line into the model allowed simultaneously
controlling the surface shape and simplifying the transi-
tion to the mesh from the curvature lines on the surface,
due to the existence of a known partial solution of the dif-
ferential equation.

e LITERATURE REVIEW

Numerous studies analyzed canal surfaces, covered various
aspects of their formation and properties, identified special
cases or classes of such surfaces, and created or improved
tools for their modeling.

Researchers [1; 2] focus on the visualization of canal
surfaces by various means based on the specified parametric
equations. An overview of the applications of canal surfaces
in computer geometric modeling of objects is given in [3].
In [4], the design of architectural forms by surfaces with flat
curvature lines, including canal surfaces, was considered.

Canal surfaces are a specific cyclic surface case, the
standard formation formula of which is stated in [5].

Several studies analyzed the development of tools for
modeling canal surfaces. Study [6] considers the problem
of transition from representing the canal surface in a para-
metric form relative to the line of sphere centers to an im-
plicit form of representing the surface by a system of equa-
tions. In [7], a special parameterization of the guide curve
was proposed using a rational function. In [8], the Bezier
curve was chosen as the guideline for the canal surface, and
in [9], a hyperbolic curve was chosen.

The study of the properties of canal surfaces was con-
sidered in [10; 11]. In [10], the symmetry properties that
canal surfaces with rational center curves and the function
of changing the radius of the current parent sphere can
have were studied. The study [11] considers canal surfaces
obtained by conformal transformations.

The study of canal surfaces in four-dimensional space
is considered in [12; 13], [14; 15] - in the Minkowski space,
in [16] — in the pseudo-Halley three-dimensional space,
and in [17] - in the spherical geometry of C. Li.

Among the canal surfaces, it is possible to distinguish
special classes that satisfy additional conditions imposed on
the geometric characteristics of the surfaces. For example,
in [18], canal surfaces that retain the mean curvature un-
der isometric transformations were considered, and [19; 20]
studied canal surfaces that are also Weingarten surfaces.

In [21], the mathematical apparatus of quaternions
was applied to the modeling of canal surfaces.

The problem of assigning a canal surface to the curva-
ture lines is obtaining a family of lines orthogonal to the
characteristic circles on the surface. This problem was con-
sidered in general in [22] and is reduced to solving an or-
dinary first-order differential equation of the Riccati type,
which is not integrated into quadratures. This determines
the need to study special cases of canal surfaces that al-
low solving the differential equation of curvature lines in
quadratures or to numerically integrate this equation. For
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example, if all spheres of a family have the same radius (tu-
bular surface) or the line of centers of the spheres of the
family is a flat curve, the curvature lines can be obtained
using a single quadrature or without integration at all.
Analyzing the known properties of the Riccati differential
equation and comparing them with the above studies, the
construction of solutions to this equation can be associ-
ated with the problem of the curvature line of the family,
which is orthogonal to the characteristic circles. Thus, if
one partial solution of the Riccati equation is known (one
given curvature line), the general solution is found using
two quadratures [23], and, therefore, the assignment of two
curvature lines requires one quadrature to describe the
general solution. Finally, the three known partial solutions
of this equation allow us to write the general solution with-
out quadratures.

e MATERIAL AND METHODS

In the first research stage, a mathematical model of the
canal surface was considered in a generalized parametric
form (the “classical” model), when the surface determinant
includes a guideline (line of sphere centers) and a function
of the dependence of the radius of the current sphere of
the family on the guide parameter. Using the differential
geometry methods, it was proved that the coordinate grid
on the canal surface obtained by this model is not a grid
of curvature lines. It is demonstrated that the transition
to such a grid requires solving a Riccati-type differential
equation. Known cases when this equation has a quadratic
solution are analyzed.

In the second stage, a synthetic geometric method was
used to prove the existence of a curvature flat line on the
canal surface, provided that the plane touches the surface
along this curve. Using the methods of differential calcu-
lus, it was verified that it is possible to form one partial
solution of the differential equation based on this curve.
Based on the obtained partial solution, a general solution
of the Riccati-type differential equation was constructed
using the methods of the theory of ordinary differential
equations, which allowed us to find the lines of the family
orthogonal to the generating circles of the canal surface
and to refer the surface to the lines of curvature.

In the third stage, based on the obtained mathematical
model, images of the surface referred to as the grid of curva-
ture lines were obtained by computer visualization methods
using the tools of the Matplotlib library of the Python pro-
gramming language.

e RESULTS AND DISCUSSION

A canal is the envelope of a one-parameter family of spheres.

The characteristic curves of a family of spheres are circles that

create one of two families of curvature lines on this surface.
The canal surface equation in a vector form will be pre-

sented

m=p+at+r cosu v+r sinu B, 1)

in which p=p(t) - radius is a vector of a point on the line
of centers of the family of spheres; 7, v, B — unit vectors
(orthos) of the Fresnel system of this line; t is a parame-
ter that determines the position of the point on the guide-
line; u is a parameter of the position of the point on the
generating circle; a=a(t) is a function that determines the
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distance from the point of contact on the line of centers of
the spheres to the center of the generating circle along the
tangent, and has the form:

RR’

a=—-——:, (2)

lpl

in which R=R(t) is the function of the dependence of the ra-
dius of the family sphere on the parameter of the guideline;

|| = d - the modulus of the tangent vector to the guide-
line; r=r(t) is the function that establishes the dependence
of the radius of the generating circle on the parameter of
the guideline:

T=\/%. (3)

Find the partial derivatives of function (1):

Z—T =(p|+a —7|p|k cosw) T+ (alp’|k + 7 cosu—r|p’|v sinu) v+ (r|p’|v cosu+r'sinu) B,

om
w=T sinu v+r cosu f8

a%m
ou dt

in which a, r are the derivatives of the corresponding func-
tions, k=k(t) is the curvature of the guideline; v is the twist
of the guideline.

First quadratic form coefficients

> ou 1;1
=r|p|ksinu T— (r'sinu+r|plv cosw) v+ (r'cosu—r|plv sinw)B,

=-—r cosu v—rsinu B, @)

— (om
E= (6u)
The numerators of the coefficients M and L of the sec-
ond quadratic form

= (2 2) = oS, ©

= Z’ZZ—T] = —r2|p'|(r'k sinu—a k?|p|sinu cosu—v(|p|+a —r k|p'|cosw)),
9%m [om 0m 2l , , (6)
= ow [EE] =-r (lP | +a-—-r k|p|cosu).

The conditions F=0 and M=0 are not fulfilled. In other
words, in general, the coordinate grid of the surface (1) does
not coincide with the lines of curvature. More precisely, the
lines t=const (generating circles) make up one set of curva-
ture lines, as for the lines u=const, they are not curvature
lines in general, since the conditions of orthogonality and
conjugacy of the coordinate grid are not met.

To find the curvature lines of the family orthogonal to
the generating circles, the differential equation of orthog-
onal trajectories to the family t=const will be used, which
has the form [24]:

Fdu + Edt = 0. (7

Substituting the expressions E and F into equation (7),
after reductions, the following equations were obtained

d 0o .
d—?=%k|p|smu—|p|v. (8)
Replacing the variable u in the last equation with
=tgl
v=tgs )
resulted in the generalized Riccati equation [23].
R A [ (10)

Substituting the values of a and r from the right-hand side
of equations (2) and (3) into (8) and (10), the following is true:

du

== Wk|p|smu—|p v, (11)
f IP v _Rklp|
v = W +1) - Lo (12)
It is assumed, that function
v=v(ta), (13)

is an equation (12) solution, where « is the integral constant.
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Then, using equality (9), the following expression is true

u=u(t a), (14)

in which, when substituted into equation (1), will trans-
form it into the equation of the canal surface referred to
as the coordinate grid of curvature lines t=const, a=const.
The four-solution property of the Riccati equation [23]
allows to state that the four curvature lines of the family
orthogonal to the generating circles intersect these circles
at four points with a constant anharmonic ratio. Note that
if the ratio % in (8) is replaced by
2 =tgy, (15)
in which y is the angle of inclination of the vector directed
from any point of the guideline to the points of the cor-
responding generating circle, then equation (8) can be re-
written as

(16)

Geometrically, this equation is a condition for the nor-
mal to the canal surface along the second family of curva-
ture lines to form scanning surfaces, with line (1) serving
as the guide curve.

Since the Riccati equation in the form (11) or (12) does
not have a general solution in quadratic form, it was ad-
visable to consider finding the curvature lines for specific
cases of representing canal surfaces.

Thus, for tubular surfaces (R=const) with the spatial
line of the centers of the family of spheres, equation (11)
was obtained as

& _ |- 17

“ o oo a7
As such, function (14) becomes

u=—[lp| vdt+a. (18)
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If, in the case of tubular surfaces, the line of centers is
flat (v=0), then according to (18) ‘;—”t‘ = 0, the coefficients F
and M of the first and second quadratic forms will be zero.
Consequently, in this case, both the t=const and u=const
lines of the surface coincide with the curvature lines.

If the dependence for the radius of the sphere is variable,
and the line of centers remains a flat curve (R#const, v=0),
then the solution of equation (11) reduces to quadrature:

.
_f n2 ’
lp"-R

|p|kat
u=2arctga e ’ 19

Note that the values u=0 and u=r, which correspond to
the cross-section of the surface by the plane of the line of
centers, give two lines of curvature since the normal to the
surface along these lines belong to the same plane.

In the case when R#const, v=0, and k=0 is a straight lines,
equation (1) gives a surface of rotation in which the lines
t=const are meridians and the lines u=const are parallels.

As for the case when R#const, v#0, the radius of the
spheres is variable and the line of centers is a spatial curve,
the solution of equation (12) is possible only for some spe-
cial cases [23]. Therefore, if (12) has no solution in quadra-
tures or the quadratures obtained from it have no analytical
representation, numerical integration methods can be used
to obtain a coordinate grid from the curvature lines, which
leads to a significant increase in the amount of computation.

The following geometric model of the canal surface
formation is proposed. A certain line C lying on the Oxy
plane of the rectangular spatial coordinate system was
considered. This plane is called the reference plane. The
one-parameter set of spheres was determined from the
condition that the spheres of the family and the reference
plane touch along the given line.

x = 1
p2lp'xp’|

It has been proved that this condition is sufficient for
a given plane line to be a line of curvature on the contour
surface of a family of spheres if one exists. According to
the transitivity theorem [24], if a surface (S) has a con-
tact with two surfaces (£1) and (£2) of order at least n at
the same point, then (£1) has (£2) a contact of the corre-
sponding order at the same point. Taking the surface (S)
to be the sphere of the family, and the surfaces (£1) and
(£2) to be the reference plane and the canal envelope, we
conclude that, if it exists, this surface will touch the plane
along the points of the given curve. Considering touching
as a limiting case of intersection of surfaces, and given
that any line lying on a plane is its line of curvature, ac-
cording to Joachimsthal’s theorem [24], we conclude that
a given plane curve is also a line of curvature for the canal
surface.

In this case, the condition for the contact of an ar-
bitrary sphere of the family and the Oxy plane was de-
termined from the equation for the line of centers of the
spheres in the form:

p=fi+ej+REk (20

where: f=f(t), =¢(t) are functions of the parameter ¢ that
define a given line on the Oxy plane, i, j, k are the orthoi of
the rectangular Cartesian coordinate system.

Then, the vector equation of the canal surface (1) is as
follows:

m=p+%‘t+R /przp_,erz (cosu v+sinu B). (21)

By substituting the known expressions for calculating
the vectors r, r', T, n, B, and performing the transformation,
the following parametric equations are obtained:

(f p°lp'xp'| + RIVFZ + 9% (cosu(f'(¢? + R*) = f (99"~ RR") + sinulp|(pR" = R'¢") = R'f |p'x p'I),

Y= o @ Pl X P+ RIVE? 4+ 92 (cosu(o (2 + R — @' (Ff" = RRD) —sinu|p|(FR" = RTD) = Rolp'x D, (92

7= R
p2lp'xp’l

inwhich:|p'| = \/p'2 = \[fZ+ @2+ R2,f,f',¢,¢",R,R" are thefirst
and second derivatives of the corresponding functions, p” = ‘;—i’;
and |p'xp’| =\J(9R" =9 R2+ (R —Rf )+ (fo" -9 f)?.

As noted earlier, the surface constructed according to
equation (22) will not be classified as a curvature line, since
only one of its two families of coordinate lines is a curva-
ture line. These are the lines of t=const, which are the gen-
erating circles. To move to the system of curvature lines, it
is necessary to move in equations (22) from the parameter
u to a new parameter obtained from differential equation
(12) concerning (9).

Using the known correlations for curvature and tor-
sion, this equation can be remade as:

2+ )P xp | +Vf2+ 9% [cosuR'(F2+9*) =R f — 99 +sinulp|(fo" ~ o fD,

' R X
v = —%(UZ +1) —%v,
where: (p’'p"p™) - is the mixed product of the first, second,
and third derivatives of the vector (20), p’ x p” — is the vec-
tor product of the first and second derivatives of the vector p.
Since the flat line C is, as proved above, the line of cur-
vature of the canal surface, the corresponding expression
for the parameter v must satisfy the differential equation
(12) and, therefore, be its partial solution. Note that the ref-
erence plane in the coordinate system is characterized by
the equation - z=0, then by equating the third of equations
(22) to zero and making the appropriate replacement of the
parameter, we obtain the equation quadratic concerning v:

23)

Up'xp INf2+ 92 =R (fF2+ @)+ R(ff + 0o +2p|(f "~ o' fIw+p xp |Vf2+ 9?2+ R (f2+ ) =R (ff +9'9") =0.(24)

This equation has a discriminant equal to zero and yields the desired partial solution, v,=v (t):

vi=pl@f —fo) o xp NFE+e2—R(f2+9?)+R(f f'+ 99" (25)

Directly substituting the right-hand side of (25) for v, as
well as the derivative of this expression for the differential
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equation (12), reduces the latter to zero, which confirms
the correctness of the result.
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It is known from the theory of differential equations
[23] that given one partial solution of the Riccati differen-
tial equation, its general solution can be obtained using
two quadratures.

For equation (12) the general solution is

1

VEUt S e

(26)
where: w is the new variable (parameter) for which the in-
tegration constant is taken; ¢(t) is the function obtained
from the expression:

f<|p'|(p'p'ﬂm) ot Rlp'p| )dt
¢(t) —e (p'xp") 02 [p2-R2 . (27)
Yi(t) is a following function:
[e]0's"e" Rlp'xp’|
W m N vi——= dt
¢(t) = I[M e (wxP) " p2 [p2-R? ] dt. (28)

2(p'xp")?

To move from the original grid on the surface to the
coordinate grid of curvature lines, based on the results ob-
tained, it is necessary to replace the parameter u in equa-
tion (22) based on the following equation:

u = 2 arctan(v), (29)
in which v=v (t, w) has the right side expression (26).

An example of designing a canal surface using the ob-
tained expressions is shown. As a given line of curvature, a
circle was chosen, written by the parametric equations on
the plane Oxy: f=r cos t, ¢=r sin t and the dependence func-
tion for the radius of the spheres of the family, which is as
follows: R=b cos 2 t+c.

Figures 1 and 2 show the representations of the canal
surface with a given circle of curvature (shown by the bold
line in Fig. 2) obtained for two variants of the parametric
surface equations: a) based on the equations (22): b) con-
sidering the solution of the differential equation (23) by
expressions (26)-(28) and substitution (29).

Figure 1. Canal surface (general view) at r= 3.0, b=5.5, c=10.5
a) initial parameter — (22); b) variable parameter u in relation to expressions (26), (29)

-30 -20 -10 0 10 20 30

T T T T T ]
30 20 -10 0 10 20 30

Figure 2. Distribution of coordinate grid lines on the surface near a specified plane curvature line
a) initial parameter — (22); b) variable parameter u in relation to expressions (26), (29)
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Note that when constructing three-dimensional (3D)
surface models, the same number of lines forming the co-
ordinate grid was set for both parameterization options.
Figure 1 is an arbitrary rectangular projection for both var-
iants of surface visualization with the same orientation.
Figure 2 shows a rectangular projection of the surface on a
horizontal plane (top view).

Analyzing the results of 3D surface model visualiza-
tion models built on the basis of the initial parameteriza-
tion and based on the solution of the differential equation,
it is possible to clearly understand the difference in the lo-
cation of the coordinate grid lines on the surface. The coor-
dinate lines of t=const (these are the generating circles) re-
main unchanged, while the direction of the second family
of lines changes from non-orthogonal to orthogonal to the
generating circles. Figure 2 well explains this difference by
the fact that the given curvature guide circle intersects the
lines of the u=const family on the surface (22) (Fig. 2a), and
on the surface constructed with the expressions (26) and (29)
(Fig. 2b), the given plane guide is part of the w=const family of
lines without intersecting with other lines of the family.

The abovementioned example provides a fairly simple
overview of the functions that define the plane line of cur-
vature and the radius of the current family sphere. In more
complicated cases, the expressions of the integrals in formu-
las (27) and (28) may not have a solution in elementary func-
tions, so numerical integration methods will be required.

While comparing the conducted research with other
studies, it is possible to state that study [22] is more the-
oretical in nature. Based on the study of the differential
characteristics of the curvature lines of canal surfaces, the
presence of no more than two isolated periodic curvature
lines for a family of orthogonal generating circles was es-
tablished, and the conditions for the presence of curves
with ombilical points on the surface were revealed in gen-
eral. In [25], the conditions and special cases of modeling
canal surfaces were considered when the parameter of the
guideline of the centers of the spheres is also a parameter of
the curvature lines of the family orthogonal to the generat-
ing circles. Unfortunately, there are no examples of surface
modeling in this paper. In [26], only certain cases of the
canal surface formed by the circles of curvature of a conical
helical line, as well as the case of the generating circles lo-
cated in the straight plane of the guide curve, which allows
integration of the differential equation of curvature lines,
were considered. The main difference between the present
work and these works is that the constructive model was
initially proposed, the existence of which was proved by a
synthetic method based on statements and theorems. The
basic one is Joachimsthal’s theorem. Other studies used an
analytical approach when the differential equation of cur-
vature lines was first derived, and then, by analyzing the
components of this equation, possible cases were separated
that allow for simplified calculations.

The main motivation for this research was to create
design tools that would be more convenient for further ap-
plication in practice. This tool is the inclusion of a given
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Frolov

KoHCTpylOBaHHA KaHaTOBUX NOBEPXOHb
3a 3a4aHOI0 MNJIOCKOIO NiHIEID KPUBUHM

Oner BacunboBu4y ®pornos

XapKiBCbKMIN HaLliOHaNbHMIM eKOHOMIYHUM YHiBepcuTeT iMmeHi CemMeHa Ky3Heus
61166, npocn. Hayku, 9A, M. XapkKiB, YKpaiHa

AHoOTaLisl. AKTYaJIbHICTb JOCTiKeHHS 00YMOBITIOEThCS OLIMPEHICTIO 3aCTOCYBaHHSI €7IeMEeHTIB ieTasieli Ta KOHCTPYKIIiiA,
o MawTh (GopMy KaHAJIOBMUX TIOBEpXOHb, B iH)KEHepHill MpakTUIi Ta MOXKJIMBOCTSIMU BiITBOpDEHHSI MOBepXHi
KiHeMaTUYHUM CIIOCO60M. MeTa AOCTiIKeHHST — Po3po6eHHsT HOBMX 3ac06iB MOMAETIOBAHHS KaHAJIOBMX ITOBEPXOHb
BiIHECEHMX [I0 CITKM 3 JIiHi}i KpMBMHU 32 PaXyHOK BITPOBAKEHHSI B KOHCTPYKTUBHY MOJIe/Tb eJIeMeHTIB 3i crieniaibHuMmu
BJIACTUBOCTSIMM, SIKi JO3BOJISIIOTH CIIPOCTUTM DPO3B’SI30K AudepeHIiaTbHMUX PiBHSIHb Ta CKOPOTUTU O0’€M OOUMCIEHbB.
Ilyis BUpillleHHI HAYKOBMX 3aBlaHb OyJiM BUKOPUCTAHI CMHTETUYHMIT TeOMETPUYHMIT METO/I, MEeTOIM JIiHiliHOI anre6pu,
Teopii pudepeHianbHUX PiBHAHb Ta OudepeHliasbHOI reoMeTpii, a TAKOK METOAM KOMITIOTEPHOTO TeOMEeTPUUHOTO
MOJIeTIOBAHHSI Ta Bisyasisailii TpMBUMipHUX 06’e¢KTiB. IIpoaHamizoBaHO MOCTIMKEHHSI 3 MOJETIOBAHHSI Ta BUBUYEHHS
BJIACTMBOCTE! KaHAJIOBMX TMOBEPXOHb. JleTaybHillle PO3MIISHYTO MOCTiIKEHHS MPUCBSIUEHi Mpob6ieMi BimHeCeHHS IUX
MOBEPXOHb IO JIiHiJi KPUBMHM Ta BUSIBJIEHO YMOBM, 3a SIKUMM MOSKJIMBO CIPOCTUTY PO3B’I30K AudepeHIiaabHOTO
piBHSIHHS. Byi0 0BeeHO OCTaTHICTh YMOBM JOTUKY KaHaJ0BOI MTOBEPXHI Ta MJIOUMHYU BAOBX 3aaHOi IJIOCKO1 KPMUBOI
IJIsT TOrO, 106 11 KpMBa Oyia ONHIi€I0 3 JIiHiIii KPUMBMHM CiMelicTBa OPTOTOHANIBHOTO [0 TBipHMX Kil. LI obcTaBMHA
I03BOJIMJIA 3BECTM PO3B’SI30K OudepeHIiabHOTO PiBHSIHHS O OBOX KBamgpaTyp. Bynu oTpumani BMpasu BifmoBimHMx
iHTerpaiiB Ta aJlrOPUTM MOJENIOBAaHHS KaHaJ0BOI MOBEPXHi 3 MOXJIMBOCTIO BiJHECEHHS O CITKM 3 JIiHi/i KPUBMHU.
Ilo BupasiB, [0 BU3HAYAIOTH IIYKAHY MMOBEPXHIO, BXOASTh: MapaMeTPUYHi PiBHSIHHS 3a[aHOI IUIOCKOI JiHii; dyHKIIis,
0 BM3HAYae paziycy chep ciMeiicTBa B 3aJ€XHOCTI Bif mapamerpa i€l yiHii. Takok 6YB PO3IISIHYTUIT KOHKPETHMIA
MIPUK/IAJ, MOJETIOBAHHS MOBEPXHi y BiAMOBiTHOCTI M0 BU3HAueHMX (HOPMYJ, HaBedeHi 300paskeHHS Iii€i MOBepXHi 3
Bisyasizaliielo KOOpAMHATHOI CiTKU. [IpakTUUHe 3HAUeHHSI POOOTH TIOMSITAE Y MOKIMBOCTSIX BUKOPUCTAHHS PO3POOIEHUX
3ac06iB MOJIeTIOBAHHS TP KOHCTPYIOBAHHI Ta KOMIT I0OTEPHOMY IIPOEKTYBaHHi reoMeTpii peaibHUX BUPOOIB, 110 MIiCTATb
TOBEePXHi IJIAaBHOTO MepexoAy 3MiHHOTO pafiycy

KirouoBi w10Ba: KOOpAMHATHA CiTKa Ha MOBEPXHi, reOMeTpuUHe MOIeNII0BaHH, chepa, 00BigHA ITOBEPXHS, PiBHSIHHSI
Pikkari

43 Development Management, 2022. Vol. 20, No. 3



	Frolov+

