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❊①❛♠♣❧❡ ✷✳ ▲❡t n = 1✳ ❲❡ ✜♥❞ t❤❡ sq✉❛r❡ ♦❢ δ✲❢✉♥❝t✐♦♥✿

C(δ2)(s) = (C(δ))2(s) =
1

s2
=

(−1
s

)′
= (−C(δ))′ = C(−δ′),

✐✳❡✳
δ2 = −δ′.

❚❤❡ r✐♥❣ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ♦❢ t❤❡ ❢♦r♠ u(t, x) =
∞∑
k=0

uk(x)t
k ✇✐t❤ ❝♦❡✣❝✐❡♥ts

uk(x) ∈ K[x1, ..., xn]
′ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② K[x1, ..., xn]

′[[t]]✳
❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t ♦❢ t❤❡ s❡r✐❡s u(t, x) ∈ K[x1, ...., xn]

′[[t]] ✐s

❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ ∂u
∂t

=
∞∑
k=1

kuk(x)t
k−1✳ ❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s Dα ✇✐t❤ r❡s♣❡❝t t♦

✈❛r✐❛❜❧❡s x1, ..., xn ♦❢ t❤❡ s❡r✐❡s u(t, x) ∈ K[x1, ..., xn]
′[[t]] ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ Dαu(t, x) =

∞∑
k=0

(Dαuk)(x)t
k✳

❚❤❡♦r❡♠ ✶✳ ▲❡t K ⊃ Q ❛♥❞ a ∈ K✳ ❚❤❡♥ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✐♥ K[x1, . . . , xn]
′[[t]]✿

∂u

∂t
= au

∂nu

∂x1 · · · ∂xn
, u(0, x) = δ(x)

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤✐s s♦❧✉t✐♦♥ ❤❛s t❤❡ ❢♦r♠ u(t, x) =
∞∑
k=0

ukδ
2k+1(x)tk✱ ✇❤❡r❡ u0 = 1

❛♥❞ uk ∈ K s❛t✐s❢② r❡❝✉rr❡♥❝❡ ❡q✉❛t✐♦♥

uk+1 = (k + 1)−1(−1)na
k∑

j=0

(2j + 1)nujuk−j, k = 0, 1, 2, . . .

❚❤❡♦r❡♠ ✷✳ ▲❡t a ∈ K✳ ❚❤❡♥ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✐♥ K[x1, . . . , xn]
′[[t]]✿

∂u

∂t
= (−1)na

n∏

j=1

∂u

∂xj
, u(0, x) = δ(x)

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤✐s s♦❧✉t✐♦♥ ❤❛s t❤❡ ❢♦r♠ u(t, x) =
∞∑
k=0

Ak(n+1,n2)
nk+1

akδnk+1(x)tk✱

✇❤❡r❡ Ak(r,m) = r
r+mk

(
r+mk
k

)
❛r❡ ❋✉ss✕❈❛t❛❧❛♥✕❘❛♥❡② ♥✉♠❜❡rs ❛♥❞ Ak(n+1,n2)

nk+1
∈ Z✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❙✳▲✳ ●❡❢t❡r ❛♥❞ ❆✳▲✳ P✐✈❡♥✬✱ ◆♦♥❧✐♥❡❛r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✐♥ ▼♦❞✉❧❡ ♦❢
❈♦♣♦❧②♥♦♠✐❛❧s ♦✈❡r ❛ ❈♦♠♠✉t❛t✐✈❡ ❘✐♥❣✱ ❏✳ ▼❛t❤✳ P❤②s✳ ❆♥❛❧✳ ●❡♦♠✳ ✷✶ ✭✷✵✷✺✮✱
◆♦✳ ✸✱ ✸✶✾✕✸✹✺✳

❡✲♠❛✐❧✿ ❣❡❢t❡r❅❦❛r❛③✐♥✳✉❛✱ ❛❧❡❦s❡✐✳♣✐✈❡♥❅❦❛r❛③✐♥✳✉❛

▼❡t❤♦❞ ❢♦r ❉❡t❡r♠✐♥✐♥❣ t❤❡ ❈②❝❧✐❝✐t② ♦❢ ❙✐♥❣✉❧❛r P♦✐♥ts ❢♦r
◗✉❛❞r❛t✐❝ ❙②st❡♠s ♦❢ ❉✐❢❢❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s

❖❧❡❦s✐✐ ❍❛❧✉③❛✱ ❖❧❡♥❛ ❆❦❤✐✐❡③❡r
◆❛t✐♦♥❛❧ ❚❡❝❤♥✐❝❛❧ ❯♥✐✈❡rs✐t② ✏❑❤❛r❦✐✈ P♦❧②t❡❝❤♥✐❝ ■♥st✐t✉t❡✑✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

▲②✉❞♠②❧❛ ▼❛❧②❛r❡ts✱ ❆♥❛t♦❧② ❱♦r♦♥✐♥✱ ❙t❡♣❛♥ ▲❡❜❡❞❡✈
❙✐♠♦♥ ❑✉③♥❡ts ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❊❝♦♥♦♠✐❝s✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

✶✷✺



■♥ t❤❡ t❤❡♦r② ♦❢ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝ s②st❡♠s✱ ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ r✐❣❤t✲❤❛♥❞ s✐❞❡s✱ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❤✐❞❞❡♥ ♣❡r✐♦❞✐❝ r❡❣✐♠❡s
✭s♦✲❝❛❧❧❡❞ ❧✐♠✐t ❝②❝❧❡s✮ ✐s st✐❧❧ r❡❧❡✈❛♥t✳ ❚❤❡s❡ ♣❡r✐♦❞✐❝ ❞②♥❛♠✐❝ tr❛❥❡❝t♦r✐❡s ❡♠❡r❣❡ ✐♥ t❤❡
✈✐❝✐♥✐t② ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ✐♥ ❛ ♣❤❡♥♦♠❡♥❛❧ ✇❛②✳ ❚❤❡② ❛r❡ t❤❡ ♦♥❡s t❤❛t ❞❡t❡r♠✐♥❡ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ❢❡❛t✉r❡s ♦❢ s❡❧❢✲♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦r✱ ✇❤✐❝❤ ❛r❡ ✐♥❤❡r❡♥t ♦♥❧② t♦ ♣✉r❡❧② ♥♦♥❧✐✲
♥❡❛r ♦❜❥❡❝ts ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❆♥❞r♦♥♦✈✲❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞s
❢♦r st✉❞②✐♥❣ ❜✐❢✉r❝❛t✐♦♥s ♦❢ t❤✐s t②♣❡ ❛r❡ q✉✐t❡ ✇❡❧❧ ❦♥♦✇♥ ❢♦r ❝❛s❡s ✇❤❡r❡ t❤❡ ❡♠❡r❣✐♥❣
❧✐♠✐t ❝②❝❧❡ ✐s t❤❡ ♦♥❧② ♦♥❡ ✇✐t❤ ❛ ✇❡❧❧✲❞❡✜♥❡❞ t②♣❡ ♦❢ st❛❜✐❧✐t② ❬✶❪✳ ■t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐✲
③❡❞ t❤❛t t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r♦❜❧❡♠ ✐♥ t❤❡ st✉❞② ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s t❤❡ s❡❛r❝❤
❢♦r t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❧✐♠✐t ❝②❝❧❡s t❤❛t ❝❛♥ ❛r✐s❡ ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ✇✐✲
t❤ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s②st❡♠ ✉♥❞❡r st✉❞②✳ ❚❤✐s ♣r♦❜❧❡♠ ✇❛s
❝♦♠♣❧❡t❡❧② s♦❧✈❡❞ ♦♥❧② ❢♦r t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡ ♦❢ ♣♦❧②♥♦♠✐❛❧ s②st❡♠s✱ ✇❤✐❝❤ ✇❡r❡ ❝♦♥s✐✲
❞❡r❡❞ ❜② ◆✳ ◆✳ ❇❛✉t✐♥✬s ❛♥❞ ❊✳ ❆✳ ❆♥❞r♦♥♦✈❛✬s ❬✷❪✳ ❚❤❡② ♣r♦✈❡❞ t❤❛t t❤❡ ♠❛①✐♠✉♠
♥✉♠❜❡r ♦❢ ❧✐♠✐t ❝②❝❧❡s t❤❛t ❝❛♥ ❛r✐s❡ ❢r♦♠ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✭❛ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢
t❤❡ ❢♦❝✉s t②♣❡✮ ✐♥ ♦❜❥❡❝ts ❞❡s❝r✐❜❡❞ ❜② ❛ s②st❡♠ ♦❢ t✇♦ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❛
q✉❛❞r❛t✐❝ ♣❛rt ✐s t❤r❡❡✳ ❚❤❡ ❛✉t❤♦rs ♦❢ t❤✐s st✉❞② ❤❛✈❡ st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢
t❤❡ ❆♥❞r♦♥♦✈❛✬s s②st❡♠✱ ✇❤✐❝❤ ❤❛s t✇♦ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ♦❢ t❤❡ ❢♦❝✉s t②♣❡✱ ❛♥❞ ❤❛✈❡
♣r♦✈❡♥ t❤❛t t❤r❡❡ ❧✐♠✐t ❝②❝❧❡s ❛r✐s❡ ❛r♦✉♥❞ ❡❛❝❤ ♦❢ t❤❡s❡ ❢♦❝✐ ❬✸❪✳ ❍♦✇❡✈❡r✱ ✐t s❤♦✉❧❞ ❜❡
♥♦t❡❞ t❤❛t t❤❡ ❇❛✉t✐♥✬s ❛♥❞ ❆♥❞r♦♥♦✈❛✬s s②st❡♠s ❝♦♥t❛✐♥ ♦♥❧② ✜✈❡ ♥♦♥❧✐♥❡❛r ♣❛r❛♠❡t❡rs✱
✐✳❡✳ t❤❡s❡ s②st❡♠s ❛r❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ❛ ❣❡♥❡r❛❧ t②♣❡ s②st❡♠ ✐♥ ✇❤✐❝❤ ❛❧❧ s✐① ❝♦❡✣❝✐❡♥ts
♦❢ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ❛r❡ ♥♦♥③❡r♦✳ ❚❤✉s✱ t❤❡ s❡❛r❝❤ ❢♦r ❛ r❛t✐♦♥❛❧ ✇❛② t♦ ❞❡t❡r♠✐♥❡
t❤❡ ❝②❝❧✐❝✐t② ♦❢ ❛ s✐♥❣✉❧❛r ♣♦✐♥t ❢♦r ❛ s✐①✲♣❛r❛♠❡t❡r s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤
q✉❛❞r❛t✐❝ r✐❣❤t✲❤❛♥❞ s✐❞❡s ✐s r❡❧❡✈❛♥t✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ s②st❡♠ ♦❢ t✇♦ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❝♦♥t❛✐♥✐♥❣ ♣♦❧②♥♦♠✐❛❧s ♦❢ ♥♦
❤✐❣❤❡r t❤❛♥ t❤❡ s❡❝♦♥❞ ❞❡❣r❡❡✿





dx

dt
= αx+ γy + α20x

2 + α11xy + α02y
2

dy

dt
= δx+ βy + β20x

2 + β11xy + β02y
2

✭✶✮

✇❤❡r❡ ❛❧❧ ❝♦❡✣❝✐❡♥ts ♦❢ q✉❛❞r❛t✐❝ t❡r♠s ❛r❡ ♥♦t ❡q✉❛❧ t♦ ③❡r♦✳
■t ✐s ♦❜✈✐♦✉s t❤❛t s②st❡♠ ✭✶✮ ❤❛s ❛ tr✐✈✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ x = 0✱ y = 0✳ ■♥ t❤❡

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤✐s s✐♥❣✉❧❛r ♣♦✐♥t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ❢♦r s②st❡♠ ✭✶✮ ❤❛s t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

λ2 − (α + β)λ+ αβ − γδ = 0. ✭✷✮

❆ss✉♠✐♥❣ t❤❛t β = 2µ−α✱ ✇❤❡r❡ µ ✐s ❛ s♠❛❧❧ ✈❛r✐❛❜❧❡✱ t❤❡♥ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❝❤❛r❛❝t❡r✐✲
st✐❝ ♣♦❧②♥♦♠✐❛❧ ✭✷✮ t❛❦❡s t❤❡ ❢♦r♠✿

λ2 − 2µλ− γδ − α2 + 2αµ = 0. ✭✸✮

■❢ µ = 0✱ t❤❡♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ✭✸✮ ❤❛s ✐♠❛❣✐♥❛r② s♦❧✉t✐♦♥s✿ λ1,2 = ±iω✱
✇❤❡r❡ ω =

√
−γδ − α2✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r t❤✐s t②♣❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ s②st❡♠ ✭✶✮

❛t t❤❡ ♣♦✐♥t (0; 0) ✐s ❛ ❝♦♠♣❧❡① ❢♦❝✉s✱ ❜❡❝❛✉s❡ ✇❤❡♥ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡①♣r❡ss✐♦♥ ✭✸✮ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r ✇❡ ♦❜t❛✐♥✿

dλ

dµ

∣∣∣∣
µ=0

= 1− α

ω
i. ✭✹✮

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❝♦♠♣❧❡① ❢♦❝✉s ✐♥ s②st❡♠ ✭✶✮ ❣✐✈❡s ❣r♦✉♥❞s t♦ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡
♦❢ ♦♥❡ ♦r ♠♦r❡ ❧✐♠✐t ❝②❝❧❡s ✐♥ t❤❡ s②st❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳

✶✷✻



❋♦r ❢✉rt❤❡r ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r st✉❞②✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ tr❛♥s❢♦r♠ s②st❡♠
✭✶✮ t♦ t❤❡ P♦✐♥❝❛r✁❡ ♥♦r♠❛❧ ❢♦r♠✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ ✈❛r✐❛❜❧❡ s✉❜st✐t✉t✐♦♥✿ x = γx1✱
y = −αx1 − ωx2✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥ −γδ − α2 = 1 ✇❡ ♦❜t❛✐♥ t❤❛t ω = 1✳ ❚❤✐s
❛❧❧♦✇s ✉s t♦ s✐❣♥✐✜❝❛♥t❧② s✐♠♣❧✐❢② s✉❜s❡q✉❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❝❡❞✉r❡s✳ ❆ss✉♠✐♥❣ t❤❛t
µ = 0✱ s②st❡♠ ✭✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿





dx1
dt

= −x2 + a20
x21
2

+ a11x1x2 + a02
x22
2

dx2
dt

= x1 + b20
x21
2

+ b11x1x2 + b02
x22
2

✭✺✮

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs a20✱ a11✱ a02✱ b20✱ b11✱ b02 ❛r❡ ❡①♣r❡ss❡❞ ❛❧❣❡❜r❛✐❝❛❧❧② ✐♥ t❡r♠s ♦❢ t❤❡
♦r✐❣✐♥❛❧ ♣❛r❛♠❡t❡rs α20✱ α11✱ α02✱ β20✱ β11✱ β02✳

❲❡ tr❛♥s❢♦r♠ s②st❡♠ ✭✺✮ ✐♥t♦ ❛ ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ z =
x1 + i · x2✿

dz

dt
= z + g20

z2

2
+ g11z · z̄ + g02

z̄2

2
, ✭✻✮

✇❤❡r❡ z̄ = x1 − i · x2✱ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❡q✉❛t✐♦♥ ✭✻✮ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

g20 = 0.25
(
a20 − a02 + 2b11 + i · (b20 − b02 − 2a11)

)
,

g11 = 0.25
(
a20 + a02 + i · (b20 + b02)

)
,

g02 = 0.25
(
a20 − a02 − 2b11 + i · (b20 − b02 + 2a11)

)
.

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛①✐♠✉♠ ❧✐♠✐t ❝②❝❧❡ ♠✉❧t✐♣❧✐❝✐t② ❢♦r ❡q✉❛t✐♦♥ ✭✻✮✱ ✐t ✐s ♥❡❝❡ss❛r② t♦
❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✜rst t❤r❡❡ ▲②❛♣✉♥♦✈ ❢♦❝❛❧ q✉❛♥t✐t✐❡s✳ ■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡
✇♦r❦ ♦❢ ❍✳ ❩♦❧❞❡❦ ❬✹❪✱ ✇❡ ♦❜t❛✐♥✿

l1 = −
1

2
Im(g20g11),

l2 = −
1

12
Im
(
(g20 − 4ḡ11)(g20 + ḡ11)ḡ11g02

)
, ✭✼✮

l3 = −
5

64
Im
(
(4g211 − g202)(g20 + ḡ11)ḡ

2
11g20

)
.

❚❤✉s✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✭✼✮✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ t❤❛t t❤❡r❡ ✐s s✉❝❤ ❛ t②♣❡ ♦❢ r❡❧❛t✐♦♥s❤✐♣
❜❡t✇❡❡♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❡q✉❛t✐♦♥ ✭✻✮✿

g20 = kḡ11, ✭✽✮

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t✿

✶✳ ❢♦r ❛ ❝♦♠♣❧❡① ✈❛❧✉❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t k t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❧✐♠✐t ❝②❝❧❡❀

✷✳ ❢♦r ❛ r❡❛❧ ✈❛❧✉❡ ♦❢ k ✭❜✉t k 6= −1 ❛♥❞ k 6= 4✮ t❤❡r❡ ❛r❡ t✇♦ ❧✐♠✐t ❝②❝❧❡s❀

✸✳ ✐❢ k = 4✱ t❤❡r❡ ❛r❡ t❤r❡❡ ❧✐♠✐t ❝②❝❧❡s❀

✹✳ ✐❢ k = −1✱ t❤❡ s②st❡♠ ✐s ❝♦♥s❡r✈❛t✐✈❡✳

❯s✐♥❣ r❡❧❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✽✮✱ ✇❡ ♦❜t❛✐♥ ♣❛r❛♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤r❡❡
❧✐♠✐t ❝②❝❧❡s✿ {

2b11 = 3a20 + 5a02

2a11 = 5b20 + 3b02
✭✾✮

✶✷✼



❙②st❡♠ ✭✾✮ ❞❡s❝r✐❜❡s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t✇♦ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐①✲♣❛r❛♠❡t❡r q✉❛❞r❛t✐❝
s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭✺✮ ♦♥ ✐ts ♦t❤❡r ❢♦✉r ♣❛r❛♠❡t❡rs✱ ✇❤✐❝❤ ❛r❡ ❢r❡❡✳ ❚❤✐s ✐s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ✜rst t✇♦ ▲②❛♣✉♥♦✈ q✉❛♥t✐t✐❡s ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡
♦❜t❛✐♥❡❞ r❡s✉❧t ❝♦♥✜r♠s t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ ◆✳ ◆✳ ❇❛✉♥✐♥ ❛♥❞ ❊✳ ❆✳ ❆♥❞r♦♥♦✈❛ ❛❜♦✉t t❤❡
❞❡❣r❡❡ ♦❢ ❧✐♠✐t ❝②❝❧❡ ♠✉❧t✐♣❧✐❝✐t② ❡q✉❛❧ t♦ t❤r❡❡ ❢♦r ❛ s②st❡♠ ♦❢ t✇♦ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✇✐t❤ q✉❛❞r❛t✐❝ ♥♦♥❧✐♥❡❛r✐t②✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❈❤♦✇ ❙✳✲◆✳✱ ▲✐ ❈✳✱ ❲❛♥❣ ❉✳ ◆♦r♠❛❧ ❋♦r♠s ❛♥❞ ❇✐❢✉r❝❛t✐♦♥ ♦❢
P❧❛♥❛r ❱❡❝t♦r ❋✐❡❧❞s✳ ❈❛♠❜r✐❞❣❡✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✹✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✶✼✴❈❇❖✾✼✽✵✺✶✶✻✻✺✻✸✾

❬✷❪ ●❛✐❦♦ ❱✳ ●❧♦❜❛❧ ❇✐❢✉r❝❛t✐♦♥ ❚❤❡♦r② ❛♥❞ ❍✐❧❜❡rt✬s ❙✐①t❡❡♥t❤ Pr♦❜❧❡♠✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡
✫ ❇✉s✐♥❡ss ▼❡❞✐❛✱ ▲▲❈✱ ✷✵✵✸✳ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴✾✼✽✲✶✲✹✹✶✾✲✾✶✻✽✲✸

❬✸❪ ❱♦r♦♥✐♥ ❆✳✱ ▲❡❜❡❞❡✈ ❙✳ ◗✉❛❞r❛t✐❝ s②st❡♠ ♦❢ t✇♦ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✇✐t❤ s✐① ❧✐♠✐t ❝②❝❧❡s✿ t✇♦ ❛♣♣r♦❛❝❤❡s t♦ ♣r♦❜❧❡♠✳ ✷✵✷✸✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✸✶✹✵✴❘●✳✷✳✷✳✸✷✺✼✷✳✾✷✽✵✽

❬✹❪ ❩♦❧❛❞❡❦ ❍✳ ◗✉❛❞r❛t✐❝ s②st❡♠s ✇✐t❤ ❝❡♥t❡r ❛♥❞ t❤❡✐r ♣❡rt✉r❜❛t✐♦♥s✱
✈♦❧✉♠❡ ✶✵✾✭✷✮ ♦❢ ❏♦✉r♥❛❧ ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ✶✾✾✹✳ P✳ ✷✷✸✲✷✼✸✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✻✴❥❞❡q✳✶✾✾✹✳✶✵✹✾

❡✲♠❛✐❧✿ ♦❧❡❦s✐✐✳❤❛❧✉③❛❅❦❤♣✐✳❡❞✉✳✉❛

■♥✈❡rs❡ ❋r❡❡ ❇♦✉♥❞❛r② Pr♦❜❧❡♠s ❋♦r ❉❡❣❡♥❡r❛t❡ P❛r❛❜♦❧✐❝ ❊q✉❛t✐♦♥
◆❛❞✐✐❛ ❍✉③②❦

❍❡t♠❛♥ P❡tr♦ ❙❛❤❛✐❞❛❝❤♥②✐ ◆❛t✐♦♥❛❧ ❆r♠② ❆❝❛❞❡♠②✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

■♥ ❛ ❢r❡❡ ❜♦✉♥❞❛r② ❞♦♠❛✐♥ ΩT = {(x, t) : 0 < x < h(t), 0 < t < T}✱ ✇❤❡r❡ h = h(t) ✐s
❛♥ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥✱ ✐t ✐s ❝♦♥s✐❞❡r❡❞ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t✐♠❡
❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥s b1 = b1(t), b2 = b2(t) ✐♥ t❤❡ ♠✐♥♦r ❝♦❡✣❝✐❡♥t ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥

ut = tβa(t)uxx + (b1(t)x+ b2(t))ux + c(x, t)u+ f(x, t) ✭✶✮

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
u(x, 0) = ϕ(x), x ∈ [0, h(0)], ✭✷✮

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

u(0, t) = µ1(t), u(h(t), t) = µ2(t), t ∈ [0, T ] ✭✸✮

❛♥❞ ♦✈❡r❞❡t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s

h(t)∫

0

u(x, t)dx = µ3(t), t ∈ [0, T ]. ✭✹✮

✶✷✽


