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Decision-making methods in fuzzy models allow convenient and fairly objective evaluation of
alternatives according to individual criteria. The difference of these methods from others is that adding
new alternatives does not change the ranking order of previous options. The article summarizes the
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MpuliHimmsi pileHb — ye 00Ha 3 HalnowupeHiwux 3aday y 6yob-sikili easysi. LLjo6 po3esssHymu
pilWeHHs1, TompibHO obpamu 00Hy abo Kiflbka Kpauwjux sapiaHmis 3 nesHo20 Habopy. [151 mo2o wob
30iticHumu makuti BU6ip, c/1id Yimko mocmasgumu Memy ma susHa4yumu Kpumepii, sikumu 6yoe oyiHe-
Hull KoxeH 3 BapiaHmig. Bubip crnocoby supilueHHs yiei 3adaui 3a/1exums 8i0 mozo, sika iHghopmayisi
docmyrHa — i Kifbkicms i sikicmb. Memoou npuliHImms pilueHb Y HeYimKuUX MoOesIsiX 00380/151H0Mb
3py4HO | docUMb 06'€EKMUBHO OYiHIOBAMU a/lbmepHamuBU 3a OKpeMuMu Kpumepisimu. BioMiHHICMb
Yyux Memoodis 8i0 IHWUX Mo/isicae 8 MoMy, W0 000aBaHHs1 HOBUX a/lbmepHamus He 3MIHIOE opsiooK
paHXXysaHHs1 MONepeoHix sapiaHmis. Y cmammi y3az2a/bHEHO BUKOPUCMaHHS Meopii HeYimKux MHO-
)KUH 07151 p038’si3aHHs1 3a0a4 eKOHOMIYHO20 nidnpuemecmaa. Po32/1sHymo 0CHOBHI MOHSIMMSI HeYimKoi
J102iKU ma MOX/1uUBOCMI ii BUKOPUCMAHHS y MPUlHSIMMI piweHb. [poaHasi308aHo pisHi Memoou rpu-
UHSIMmS1 pilueHb Ha 0CHOBI MeOpIi HEYIMKUX MHOXUH. Biibwicmb Memodis npuliHAMmMS pilueHs, siki
Malome HeYimkicms, Mokasytoms c/1abky cmilikicmb pe3ysibmamis 0 moYamkosux daHux. Espuc-
muyHull nidxio 0ae HalbinbW WUPOKi MoX/1uBoCcMi 07151 N00aHHs1 iHghopmayii. JOCOKEHHS Pi3HUX
MemodiB nokasasio, Wo Halibinbw cmilikum € Memod, sikuli 3acHoBaHull Ha npasusax. BusisneHo
20/108HY NPo6eEMy bazamoKpumepiliHo2o BUGOPY 3 BUKOPUCMAHHSIM HEYImKuUX Mooesel, a came —
YSIBMIEHHST MPO B3AEMO3B'I3KU MiXK KPUMEPISIMU ma criocobu 06YUCIEHHST 3a2a/lbHUX OUYIHOK. AHali3
Heyimkux memodis npuliHsmmsl piweHb 00380/15i€ BU3HAYUMU BUMO_U G0 M00asIbWUX PO3PO6OK y
yiti eanysi. Lle sk/r04ae po3sUMOK meopemuyHUX Mioxo0i 07151 ONUCaHHS CK/IaOHUX B3aEMOBIOHO-
CUH MiX Kpumepisimu, 6i/1bW WUPOKe 3acmocyBsaHHsl iHmesiekmyasibHuUX Memoodis, nobydosaHux Ha
Heyimkil n102iyj, @ makoX po3BUMOK KOMBIHOBaHUX Memodig MPUlHIMMS pilueHb, WO BUKOPUCMO-
BYOMb HeYimKi ysig/ieHHsl. Memoou, siki 6a3ytombCsi Ha Pi3HUX 1idxodax, 0aromb pisHi pesysibmamu.
Y cmammi po32/1siHymo pi3Hi nioxoou, KOXeH 3 SIKUX 3i CBOIMU 0C06/IUBOCMSAMU Ma 0B6MEXEHHSIMU.
HeobxioHO 3Hamu po HUX, Nepw HX 3acmocosysamu rnesHuli Memod 07151 NPUlHIMMS PilueHb.
CbO0200HiWHS npobsiema nossieae 8 momy, wob obpamu npasusibHUll Memod abo npozpamy, siki
donomMoxyms y npuliHsmmi piweHb. B cmammi nposedeHo nopigHsibHUl aHasi3 pizHUx Memodis i
po3pobka pekomeHoayili No ix 3acmMocyBaHHIo.

KniouoBi cnoBa: 3adaui npuliHImmsi pileHb, HeYimki MHOXUHU, 6azamokpumepiasibHull Bubip,
HeBU3Ha4Y€eHICMb, HEYimKi Memoou, MidMpPUEMCMBO.

Statement of the problem. The decision-
making problem is one of the most common in any
field. Its solution comes down to choosing one or
more best alternatives from a set. In order to make
such a choice, it is necessary to clearly define the
goal and criteria by which a set of alternatives will
be evaluated. The choice of a method for solving
such a problem depends on the quantity and quality
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of available information. In the field of decision-
making, many different methods have been
developed based on this theory. One of the difficult
problems today is choosing the right method or
software to support the decision-making process.
Therefore, comparing different methods and
creating advice on their use becomes especially
important.
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Analysis of recent research and publications.
One of such tools is the theory of fuzzy sets, proposed
by L. Zade [4, 5]. The study of this approach was
carried out by R.E. Bellman [5], T.L. Saaty [3],
Y.P. Zaichenko, O.l. Larichev, A.V. Matviychuk [1],
O.P. Rotshtein [2] and many other scientists. In
modern conditions, the use of fuzzy set theory for
making managerial decisions requires detailing.

Setting the task. The purpose of the study is to
analyze various decision-making methods based on
fuzzy set theory, as well as identify the features of
each of them in order to provide recommendations
for their use.

Presentation of the main research material.
The data needed to make an informed choice can
be divided into four categories: information about
alternatives, information about selection criteria,
information about preferences, and information about
the task environment.

In its development, the theory of decision-
making went through three stages. At the first stage,
a descriptive approach was developed, which
was aimed at describing the process of choosing
decisions by a person. Thanks to this, it was
possible to clearly determine what a person can and
cannot do when solving a choice problem. At the
second stage, a normative approach to decision-
making was developed. However, these theories
did not find practical application. At the third stage,
a prescriptive approach was developed. It does not
guarantee the optimal solution in any situation, but
ensures the choice of a consistent and consistent
solution. This approach places serious demands on a
person to master the methods and techniques of the
theory of decision-making, and also gives practical
recommendations for the implementation of these
solutions [4].

Decision-making tasks can be classified
according to various characteristics that characterize
the quantity and quality of available information, for
example:

» Decision-making problems under conditions
of certainty. These include problems for which there
is sufficient and reliable quantitative information.
In this case, mathematical programming methods
are used, the essence of which is to find optimal
solutions based on a mathematical model of a real
object.

» Problems under risk. They arise when possible
outcomes can be described by some probability
distribution. To construct a probability distribution, it
is necessary to either have statistical data at one's
disposal or to involve expert knowledge. Usually,
methods of univariate and multivariate utility theory
are used to solve problems of this type.

* Problems under uncertainty. These problems
occur when the information needed for decision-
making is imprecise, incomplete, non-quantitative,

and formal models of the system are either very
complex or absent. In such cases, expert knowledge
is usually involved in solving the problem. In contrast
to the approach taken in expert systems, for solving
decision-making problems, expert knowledge is
usually expressed in the form of some quantitative
data, which are called preferences.

Let's take a closer look at the tasks of the third
type. So there are many methods and approaches
to decision-making that make it possible to take
into account multi-criteria and uncertainty. Decision-
making tasks can be classified by the type of
information about the advantages of many criteria
and about the consequences of alternatives into
qualitative, quantitative and mixed. In connection
with this classification, there are different methods of
decision-making:

1. Lack of information on benefits; quantitative
and/or interval information on effects; qualitative
information on benefits and quantitative information
on effects.

v Methods with discretization of uncertainty.

v’ Stochastic dominance.

v Methods of decision-making under risk and
uncertainty based on global criteria.

v’ Hierarchy analysis method.

v Methods of fuzzy set theory.

2. Quality information about the benefits and
consequences.

v Methods of practical application of solutions.

v Methods for selecting statistically reliable
solutions.

3. Quantitative information about benefits and
conseguences.

v' Indifference curve methods for decision making
under risk and uncertainty.

v' Decision tree methods.

v' Decomposition methods of expected utility
theory.

Among these methods, the most promising are
the decomposition methods of the theory of expected
utility, the method of analysis of hierarchies and the
theory of fuzzy sets. They are the ones that best
satisfy the requirements of universality, accounting for
multi-criteria choice under conditions of uncertainty,
and simplicity of preparation and processing of expert
information.

Decomposition methods of the theory of expected
utility have become the most widespread among the
groups of axiomatic methods of decision-making
under risk and uncertainty. The main idea of this
theory is to obtain quantitative estimates of the utility
of possible outcomes that are the consequences of
decision-making processes. In the future, based on
these estimates, the best possible outcome can be
chosen. To obtain utility estimates, it is necessary
to have information about the preferences of the
person responsible for the decision. The decision
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can be reduced to a process that includes five
stages: preliminary analysis, structural analysis,
uncertainty analysis, utility analysis and optimization
procedures.

The method of analysis of hierarchies involves
the decomposition of the problem into simpler
components and the processing of the thoughts of the
decision-maker. As a result, the relative importance of
the studied alternatives for all criteria in the hierarchy
is determined. The relative importance is expressed
numerically in the form of priority vectors. The values
of the vectors obtained in this way are estimates in
the scale of relations and correspond to the so-called
hard estimates [4].

Elements of fuzzy set theory can be successfully
applied to decision-making under uncertainty. The
founder of fuzzy set theory, L. Zadeh, predicted the
broad applied significance of his theory in 1965,
writing the following on this subject: "In fact, fuzziness
may be the key to understanding a person's ability
to cope with tasks that are too difficult to solve on a
computer.”

Let us consider the basic elements of fuzzy set
theory [1]. LetU — a complete set that includes all
objects of a certain class. Fuzzy subset F pluralsU,
which we will call a fuzzy set in the following, is
determined by the membership function u-(u), ueU
This function displays the elements u; pluralsU to
the set F of real numbers in the interval [0,1], which
indicate the degree of membership of each element
in the fuzzy set F.

If the complete setU consists of a finite number
of elements u;, i = 1,2,...,n then a fuzzy setF can be
presented in the following form:

F = p(ulu; + pe(up)luy +..+ peup)lu,,

Fuzzy sets are widely used to formalize linguistic
knowledge. Using the apparatus of fuzzy set theory, it is
possible to solve many problems even in the absence of
complete quantitative information.

Operations on fuzzy sets:

The addition operation can be represented as
follows:

E=§(1_#F(”i))/”w Hp == pp (w).

The merge operation will look like this:

FUG =D (st (1) 1 (1)) i = b (1) 1 ()

The intersection operation is calculated as follows:

n

FNG= Z:,(ﬂF (”i)/\“G (ui))/ui’ Heye = Hp (H)A”G (”)
Symbol v denotes taking the maximum, and the
symbol A taking the minimum.
By a vague relationR between the full pluralU and
others in full pluralV is called a subset of the direct
Cartesian productU x V, defined as follows:

(K108 Bunyck 86. 2025

I m
R= Z}:Z“R (ui,vj)/(u,.,vj),
[y

where U ={u,, U,,... u}, V=A{vy, vy... vy},

Properties of fuzzy relations:

1. Merging relationships

(R U S)(u,v) = R(u,v)v S(u,v), uelU,veVl.

2. Intersection of relationships

(Rﬂ S)(u,v) = R(u,v)/\S(u,v), uelU,veVl.

3. Switching on operation

(Rg S) © F\’(u,v)S S(u,v), ueU,veVl.

4. Idempotence property RNR=R, RUR=R.

5. Commutatively RNS=SNR, RUS=SUR.

6. Associativity RN(SNQ)=(RNS)NQ,

RU(SUQ)=(RUS)UQ.

7. Distributive RN(SUQ)=(RNS)U(RNQ),

RU(SNQ)=(RUS)N(RUQ).

8. Reflexivity

If us (u, u) = 1, relationship R — reflection.

If us (U, U) < 1, relationship R — weak reflection.

If us (u, u) = 0, relationship R — anti-reflective.

If us (u, u) > 0, relationship R — slightly anti-reflective.

9. Symmetry Uy (U,v) = s (v, U); u,v el

10. Transitivity u, (u,v) = Ug (U,2) AU (2,v); U,v,z €U.

Elements of fuzzy set theory are successfully used
for decision-making. Expert assessments of alternative
options by criteria can be represented as fuzzy sets or
numbers expressed using a membership function. There
are many methods for ordering fuzzy numbers, which
differ from each other by the method of convolution
and construction of fuzzy relations. The latter can be
defined as preference relations between objects. Let
us consider one of the mathematical formulations of
decision-making problems based on fuzzy set theory.

In this case, the criteria define some concepts, and
the evaluations of the alternatives are the degrees of
compliance with these concepts. Let there be a set
of alternatives A = {a,, a,... a,} and many criteria
C ={C,, C,,... C,}, while the evaluations of alternatives
for each ith criterion are represented by fuzzy sets:

C = {yq (a)/ a1 (8,)] @y e (am)/am}.

The rule for selecting the best alternative can
be represented as the intersection of fuzzy sets
corresponding to the criteria:

D=C,NC,N...NC,.

The intersection operation corresponds to taking the
minimum:

u,(a;)= min . (a,),j=1,...m.

i=1,...,n

The alternative is considered better a*, which
has the highest membership function value
o (&) = max sy (4,

Let us consider a decision-making method that
involves constructing a set of non-dominant alternatives
based on a fuzzy preference relation [5].
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The problem statement in short form is presented
as follows. Let the set of alternatives be given A and
each alternative is characterized by several quality
criteria with numbers j = i,...,m Information on pairwise
comparison of alternatives for each quality criterion j
presented in the form of a preference ratio R,. You need
to choose the best alternative from a set {A, R,, ... R,.}.

Definition 1. Fuzzy relationR in the plural A is called
a fuzzy subset of the Cartesian product characterized
by the membership function u,: A x A -[0,1] Value
Ur (a,b).of this function is understood as the degree of
fulfillment of the relation aAb.

Definiton 2. The fuzzy preference relation on
A is any fuzzy reflection relation given on this set, the
membership function of which is calculated as follows:

Llab)—u.(b,a), p,lab)=pu,(ba);
Hes (a'b)z{y (a0l o,) u:t(i,b)lu:(tg,a).)

Definition 3. Let A — many alternatives and p,— a
fuzzy preference relation is given on it. A fuzzy subset of
non-dominant alternatives of the set (A, uy) is described
by the membership function

b = 1_§szA(uRS (b,a)—/,lRS (a,b)), acA.

Definition 4. Clearly non-dominant alternatives are
those for which uR”" = 1, and many such alternatives

AR’-IHa = {al, aEA, IJRHB: 1}

Definition 5. The carrier of a fuzzy set B with a
membership function pg(a) there is a plural

The procedure for solving the selection problem is
performed in several steps.

1. A fuzzy relation is constructed, which is the
intersection of the initial preference relations:

Ho, (ab)= min(uR1 (a,b),...,u,;,m (a,b)),

and a fuzzy subset of non-dominant alternatives on
the set is defined (A, Ko ):

,u(:a(a) = 1—s;bu/5>(uo1 (b,a)- s (a,b)).
2. Avague relationship is being built Q,:

'qu (a’b) = Zle‘uR/ (a’b)
=

and a fuzzy subset of non-dominated alternatives in
the set is defined (A, 4 ):

u(a)=1-sup(u_(ba)-u_(ab))

This function orders the alternatives by their
degreenon-dominance. Numbers w; in the above
convolution are the coefficients of the relative
importance of these criteria, for which the following
conditions are met:

ZW/ =L w, 20, j=1m.

j=1

3. Finding the intersection of sets ,u:" and Ko

u(a) = min( " (a). 1, (2))-

4. Choosing an alternative from a set is considered

rational
A" = {a' |a'e A (a')=suppu™ (a)}.
acA

The most rational alternative from the set A* is the
one that has the maximum degree of non-domination.

Let us consider a method of multi-criteria selection of
alternatives based on acompositional rule of aggregation
of a description of alternatives with information about
the preferences of the decision-maker, which are given
in the form of fuzzy constraints [4].

LetU — many elements, A — its fuzzy subset, the
degree of membership of the elements to which is a
number from the unit interval [0,1]. Subsets A; are the
values of the linguistic variable X.

Suppose that a set of decisions is characterized
by a set of criteria Xx;, X,...,X,, i.e. linguistic variables
defined on the basis sets u,, u,,...,u, respectively. For
example, the variable x; “quality of management” can
have the value LOW, and the variable x, “value” — the
value of GOOD and so on. A set of several criteria
with corresponding values characterizes the decision
maker's representation of the satisfac- toryness of an
alternative. Variable S “satisfaction” is also linguistic.
Example of a statement:

d;: “If x;= LOW and x, = OK, then S = HIGH.
In the general case, the expression d; has the form:

d:"If x,=A,and x,= Ay and ... x, = A, then S = B

Let us denote the intersection (x;=A;Nx,=A,N...
X,=A,) through x=A,. The operation of intersection
of fuzzy sets corresponds to finding the minimum of
their membership functions:

()= mip (o (). ().t ()

Here V = Uy x U, x... x U, v = (Uy, Uy...,U,);
Ha, (u) — element membership value u; fuzzy plural
A, .Then the expression can be written as: d: “If, then
S=8B"

To give commonality to thoughts, we denote the
base sets U and V through W. Then A; is a fuzzy subset,
while B,— fuzzy subset of the unit interval /.

To represent the rules, the implication operation is
used, for which various methods of fuzzy implementation
have been proposed. The Lukasiewicz fuzzy implication
has the form:

o () = (L (1, () # 11 (1)),
Where H —fuzzy subset of Wx |, we W, i €l
In a similar way, | express d;, d,,...,d, will turn
into plurals H,, H,,...,H, Their intersection is the set
D = H,NH,N..NH,. And for everyone
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o ()= i, (1)1 = 1
Satisfiability of an alternative described by a
fuzzy subset A with W, is determined based on the
compositional input rule: G = AoD, where G — fuzzy
subset of the interval /.
Then 1, (1) =min(min u, (w)u, (W/))

weW

The comparison of alternatives is based on point
estimates. For a fuzzy set C c | we define a —level set

(o €[0,1]):
For everyone C, you can calculate the average
number of elements - M(C,): R
for a set of n elements M(C,)=>i,/n; i,eC,;
j=1
for ¢, ={a<i<b} M(c,)=222;
for 2

c,=Ula <i<b} m(c,)== ;

n
j=1

at 0 <a, <b,<a, <b,<..<a, <b,<l1.
Then the point value for the set C can be written as
F(c)=—1 [ m(c,)da,
0

amax

where a,,,,— maximum value in the set C.

When choosing alternatives, the satisfaction of each
of them is found and the corresponding exact score
is calculated. The alternative with the highest value is
considered the best.

Let us consider multi-criteria selection of alternatives
based on additive convolution. In this method [3], expert
preferences are represented using fuzzy numbers with
triangular membership functions.

Let there be many alternatives A = {a,, a,,...,a,,} and
many criteria C ={c,, ¢,,...,¢,,}, While the evaluation of the
jth alternative according to the ith criterion is represented
by a fuzzy number R;, and the relative importance of the
ith criterion is given by the coefficient a;, i=1,2,...,n. Ifthe
coefficients @, normative, then the weighted score of the
jth alternative is calculated by the formula

n
R, = I;a,R,j.

If the membership functions Heg, (rij) and u, (a,.)
have a triangular shape, then for them, as for a fuzzy
number X, top X', as well as the left X" and rights X". The
limits are determined by the following relations:

Vo u(X) =0 u(X =8)=0;u(X'+5)#0;
V8 pu(X") =0 pu(X"=8) % 0 (X +5) =0 u(X") =1.
Weighted evaluation of the jth alternative R; is the
result of a linear combination of fuzzy numbers and will

also have a triangular membership function. The vertex
and boundaries of a fuzzy number obtained as a result

(VA Bunyck 86. 2025

of addition or multiplication operations can be calculated

asfollows: Z'= X'x Y; Z"= X" x Y"; Z* = X* x Y*,
Ranking of alternatives using the obtained

weighted scores is possible based on their fuzzy

composition:
Hy (j) - rl,rzfeprk >r; ]El“nm ‘uR’ (r])

Here u,())- a fuzzy set of alternatives corresponding
to the concept of "best alternative". The best alternative
is considered to be the one with the greatest value p;()).

Another method of ranking alternatives on a set
of linguistic vector scores. Given a set of alternatives
A ={a,, a,,...,a,} and the set of corresponding results
S = {sy, S5....5,}. Every result s; characterized by an
alternative a;and a vector of linguistic evaluations on
a set of criteria K = {K;, K,,...,K,}. The set of linguistic
vector estimates of the results K={K(s,),K(S,),---,K(Sm)}
can be ordered by introducing a membership function
of a fuzzy order relation y =: K x K - [0, 1] For the ith
criterion, we denote ' (Ki(s),K;(s,) through 1/ >(s; s,)
The value of this function can be found by the formula

W2 (s,s)=1-p'<(s;s,)=u'>(s;s,)+
+u = (s].,sk).
Degree of truth u< (s;, s,) unclear statement s;<s,
can be found as the probability that the exact value s;
will be less than the exact value s, Assuming that the

outcomes are independent random variables, the
relation u < (s;, s,) can be represented as:

(5= S () (2w (5)

where v, (x) — the probability that as the exact value
of a fuzzy number the value used x; w, (x) — the
probability that as an exact value the value used y<x;

Vs (X)=ms () 2 ks (v) W ()= ()1 3 vily)

yeS,y<x

Vector estimates can be ordered based on the
membership function u 2 (K(s), K(s)) = x u' > (sl.,sk)
where x — denotes a generalized operation symbol.

Since among the many alternatives and outcomes
there isone-to-one correspondence, the membership
function of a fuzzy preference relation on a set of
alternatives can be represented as: y* = (a;, a)=
b= (K(s), K(s))-

Solving the problem using this method includes
the following main steps:

v' Calculating membership functions p<;

v Fuzzy order constructions y =;

v' Minimizing the ratio u =;

Determining the preference relations on a set of
alternatives and identifying the best alternative. To do
this, the preference relation between the alternative
is calculated a; and the rest of all alternatives, whose
membership function is as follows:
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ut > (aj;{ak},k € I/.) = kf/, HojrJ €M,
where /,— a set of alternative indices with which the

jth alternative can be compared. The solution to the
ranking problem can be described by the relations:

n<neptz(a{atkel)>p z(@fatkel)
rn<ne pz(aatk el)=pz(@{atk el)

where r; — rank of the alternative.

The most preferred alternative has the lowest rank.

Thus, we can say that the theory of fuzzy sets has
gained wide popularity and has received practical
application in many fields. In the field of decision-
making, a wide range of different methods have
been developed based on this theory. The difficult
problem today is the choice of an appropriate method
or software to support decision-making processes.
Therefore, the comparative analysis of different
methods and the development of recommendations
for their application are of particular relevance.

The method of analysis of hierarchies and the
method of preference relations is based on a rationally
weighted approach based on pairwise comparisons
of objects and normalized weight coefficients.
Maximum convolution and linguistic vector estimation
are implementations of a pessimistic approach that
ignores the good sides of alternatives, when the
alternative with minimal disadvantages on all criteria is
considered the best. Additive convolution assumes an
optimistic approach, when low scores on criteria have
the same status compared to high ones. Fuzzy rule-
based inference implements a heuristic approach[4].

Conclusions. Decision-making methods based
on fuzzy models allow convenient and fairly objective
evaluation of alternatives by individual criteria.
Unlike other methods, adding new alternatives does
not change the order of previously ranked sets.
When evaluating alternatives by criteria, linguistic
evaluation is possible based on point estimates using
the membership function of the criteria.

The main problemmulti-criteria choice using fuzzy
models is the representation of information about the
relationships between criteria and ways to calculate
their integral estimates. Methods based on different
approaches give different results. Each approach has
its own limitations and features, and the user must
get an idea of them before applying one or another
method of decision-making. The heuristic approach
provides the widest possibilities for representing
information.

Most fuzzy decision-making methods show poor
robustness of results with respect to initial data.
A study of the considered methods showed that the
rule-based method has the greatest robustness.

The analysis of fuzzy decision-making methods
allows us to formulate requirements for further
developments in this area. These include the
development of theoretical approaches to describing
complex relationships between criteria, the wider
application of intellectual methods based on fuzzy
logic, and the development of combined decision-
making methods using fuzzy representations.
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