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Application of addition theorems to the solution of the stress
concentration problem in multi-connected domain
with circular and elliptical boundaries

Simon Kuznets Kharkiv National University of Economics

The article solves a plane problem of the theory of elasticity regarding the interaction of stress
fields caused by the presence of combined defects in an elastic medium. An infinite isotropic
elastic plane with a circular hole and a rectilinear semi-infinite cut, on the banks of which a
normal uniformly distributed load is applied, is investigated. Such problems are of fundamental
importance for fracture mechanics and strength theory, since the stress intensity factors (SIFs)
at the crack tip directly determine the reliability and durability of critical structural elements under
complex operating conditions. It is the local stress concentration around such defects as
technological holes and service cuts that usually becomes the root cause of premature failure
of critical engineering units, which necessitates obtaining accurate calculation models. The
study is based on a rigorous analytical approach using the apparatus of addition theorems for
basic solutions of the Lamé equations system in mixed coordinate systems. For an accurate
mathematical description of the geometry of the multi-connected domain formed by the
combination of a circular hole and a semi-infinite cut, a combination of polar and elliptical
coordinate systems is applied. The solution is constructed in the form of a superposition of basic
solutions of the Lamé equations given in different coordinate systems, which allows for the
precise satisfaction of boundary conditions on the boundaries of both defects simultaneously.
The use of expansion formulas for harmonic functions in different coordinate systems made it
possible to link the boundary conditions on the defect contours and reduce the original boundary
value problem to an infinite system of linear algebraic equations with respect to unknown
coefficients. The paper provides a detailed analysis of the mathematical properties of the
obtained system of equations in the context of the interaction between the hole and the cut; it is

proved that the system has a completely continuous operator in the |2 space, and the conditions

for its quasi-regularity and complete regularity are established depending on the geometric
parameters of the problem, which guarantees rapid convergence of the solution and fully
justifies the possibility of using the reduction method for its solution. The specified system is
solved by the small parameter method, which allowed for obtaining analytical expressions for
the SIF at the tip of the semi-infinite cut, taking into account the reinforcing effect of the nearby
circular hole. The obtained analytical dependence provides the possibility of conducting deep
gualitative and quantitative analysis of the influence of geometric factors over a wide range of
their variation. The results presented in the article are an effective analytical tool for conducting
refined assessments of the strength and fracture toughness of structural elements with
interacting defects of various shapes. The proposed approach allows for avoiding the use of
resource-intensive numerical methods and ensures high accuracy of results in stress
concentration problems. The obtained calculation formulas can be directly used in engineering
practice to improve the reliability of assessing the technical condition of structures under
complex stress states, as well as in the design of parts with keyed or splined joints.
Keywords: stress intensity factor, theory of elasticity, circular hole, semi-infinite cut, addition
theorems, basic solutions, Lamé equations; polar and elliptical coordinate systems.

Introduction

The issues of strength and fracture mechanics of structural materials have
remained the subject of close attention of researchers for many decades. In
engineering practice, stress intensity factors (SIF) are key parameters characterizing
the local stress distribution in the vicinity of a crack tip. The calculation of these factors
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lies at the heart of the methods of linear elastic fracture mechanics used to determine
the reliability and durability of critical structural elements such as gear teeth, splined
and keyed joints [1].

Fundamental analytical methods for solving plane problems of the theory of
elasticity for bodies with holes were established in the works of N. I. Muskhelishvili [2]
and G. N. Savin [3]. The problems of cracks and cuts received profound development
in the works of G. Irwin [4], H. Westergaard [5], and V. V. Panasyuk [1, 6]. Issues of
the interaction of stress fields from several defects were considered in the studies of
L. T. Berezhnytskyi [7], M. P. Savruk [8], and A. S. Kosmodamiansky [9].

A special place in solving such problems is occupied by the method proposed
in the works of V. S. Protsenko [10]. His approach, based on the use of addition
theorems for basic solutions of the Lamé equations, allowed for the efficient
investigation of the stress-strain state of media with non-parallel boundaries. Further
development of this method as applied to the connection between polar and elliptical
coordinates is presented in works [11, 12]. To justify the mathematical correctness of
the obtained infinite systems of equations, the methods set out in [13] were used.

In recent years, interest in this topic has not waned, which is due to the need to
refine the service life characteristics of modern machinery. Significant results in the
field of analyzing the interaction of holes and cracks were obtained by A. R. Shahani
and S. A. Karami [14]. Modern aspects of determining the stress state of bodies with
cavities and cracks are presented in the works of V. G. Piskunov and V. K. Sivets [15].
Also, an important contribution to the study of crack propagation near curvilinear
boundaries in modern formulations was made by M. V. Delyavskyi [16].

Despite the existence of serious theoretical developments, the problem of the
interaction between a circular hole and a semi-infinite cut requires obtaining accurate
and compact analytical dependencies. Existing numerical methods, although allowing
such problems to be solved, often do not provide the possibility of a qualitative analysis
of the influence of geometric parameters over a wide range of their variation. In this
regard, it remains relevant to construct rigorous analytical solutions based on the
superposition method and the use of mixed coordinate systems.

The purpose of this study is to construct a mathematical model of the stress-
strain state of an elastic plane with combined defects and to obtain calculation formulas
for determining the stress intensity factor in the vicinity of the tip of a semi-infinite cut
interacting with a circular hole. To achieve this goal, the apparatus of addition theorems
for the basic solutions of the Lamé equations in polar and elliptical coordinates is used,
which allows reducing the problem to the analysis of infinite systems of linear algebraic
equations and obtaining the final dependencies by the small parameter method.

1. Problem Statement and Boundary Conditions

Consider an infinite isotropic elastic plane containing a circular hole and a
straight semi-infinite cut. To describe the geometry of the domain and subsequent
solution of the problem, we introduce polar (p,¢) and elliptical (&,6) coordinates

related to the Cartesian coordinates (x,y) by the following relations:
X=pcosd, y=psing,
x=ach§cosO, y=a sh sin©
(a>0,0<0<, —0<E<m).

158



BiokpuTi iHdbopmauiiHi Ta koMn'toTepHi iHTerposaHi TexHonorii, Ne 109, 2026 ISSN 2071-1077(print)

ISSN 2663-2411(online)

The equations &2 =const, O=const define families of ellipses and hyperbolas

having common foci at points (-a,0), (a,0). In the limiting cases (£=0,0=0, 0=m),

the ellipses degenerate into the segment y=0, | x|<a, and the branches of the
hyperbola degenerate into the rays [a,+®), (—o,—a].

Let the elastic plane have a circular hole p<p, (pg<a) andacut 6=0 (y=+0

, X>a). We shall assume that a normal uniformly distributed pressure o (cg >0) is

applied to the cut faces in the section a<Xx< Xy =a chgy, while in the section x> Xy,

the cut faces are free from external forces and do not contact each other. We also
assume that the hole boundary p =p, is not loaded by external forces.
The problem is reduced to solving the system of Lamé equations:
grad divu+(1-2v) Au =0, (1.2)
where U is the elastic displacement vector;
v is Poisson’s ratio,
under the boundary conditions:

|0, 0<E<Ep,
GY‘e:o_{ 0 a>§0,0 (1.2)
Tyl =0 (1.3)
c 0. (1.4)

=T =
p‘p=po 4"p=po

In addition to these conditions, the solution must satisfy the condition of zero
stresses at infinity.

2. Method of the Problem Solution
We shall seek the solution to the formulated problem in the form:

0= [[Hi ()T (& 0;2) + Hp(M) T (&, 6;1)]d2+
0

+> BP O (p,0)+ D B Uy 0 (0, 9),
n=0 n=2

where Ty (§,0;1), U,(E,0;A) and T (p,9), Uy (p, ) are particular solutions of equation
(1.1) in elliptical and polar coordinate systems, respectively [2].
From condition (1.3), we have:
Hi (M) =—@0-2v) Hy(X). (1.5)
To satisfy condition (1.2), we use the expansion formulas for the basis solutions
of the Lamé system in elliptical and polar coordinates [2]:

Uy (p,9) =2~ ("™ [ A (3) Tg(&,6;) di, (1.6)
0
Uy n(pe0) =a "D [ AL ()[204(,6:0) + (n-1+%) Ty(E,6;)] dn (L.7)
0
(0<8<m/2).
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By calculating the stress oy on the cut 6=0 with the help of equalities (1.6)
and (1.7), we obtain:

_ 26 {T[Hl(x)u (1-v) Hy(\)] A chrk sin g da+

oy
0=0 a sh§

k=0

where G is the shear modulus.
From condition (1 2), we obtain:

+Z[B(l)+k B(Z) }a (k+1)jAk (k)k3|nk§dk}

acg _ @) ) 7 .-k-1
—nGkCthshasmk&da —hx [B +k B Ja Ai(h).  (L8)

The stresses o, and 1, on the circle p=pg are given by:

Ho(M) = -

0

G =-> (n +1)p5(”+2) B\ cosng — > (n=1)(n+2)py" B(?) cosng+

p=pg =0 n=2

+za (1) (n—1)p5~2 cosng j Dy (W) H (W) dA+= j HZ(X){Z Dy, ()a (MY x
n=2 n=0

x(n+1) (N —2)pB cos N — an L) (n-1-y)a "D (n-1)pd" cosn¢}dx
n=2

Tl > (n+1)py "2BW sinnp— > (n—1)npy"B? sinng -
2G p=pp  N=1 n=2
=S a"(n-1) pf2sin n<|>_[D L) H(A) da+= jHZ(x){ 3 Do) a M x
n=2 =1

x(n+1) npg sinng+ Z D1 (A) (n—1—%) af™"(n—1)p52sin n¢}dk :
n=2
In the obtained equalities, the formulas for the transformation from elliptical to
polar coordinates were used [2].
Satisfying conditions (1.4) and taking into account equality (1.5), we obtain:

o BY =a‘1THz<x) D(1)d% , —pp°BY =a‘2poofH2(x) Dp(1) di
~(n+1)p, <“+2)B(1> (n-1)(n+2)pp B(z)——(n 2)(n-1)ar" ph 2 x
j D1 (V) Hz(x)dm (n—2) (n+1) a-™Dpd j Dy, (L) Hp(A) dA=0 | (1.9)

—(n+1)py™PBY —(n- 1)np0”B<2>+ (n—2) (n-1) a*"pi2 x
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jD_l(x) Hz(x)dx——n(nﬂ)a—(”“)p jDM(x)HZ(x)dx 0 (N=2,3..).
0 0
System of equalities (1.9) is inconvenient for further analysis because it contains

the quantities B(1)+kB|£i)2, therefore, we introduce new unknowns X, using the
formula:

ac
B(l) +n Br(fr)z = Cg 98+1 Xp - (1.10)

Then, equality (1.8) takes the form:

aGO
nG kh

Hy(h) =— jshasunxgda+

3 % KA1 (0 | (1.11)
hm. k=0

e=pp/a .
From equalities (1.10), we find the quantities B(l) B(Z) and evaluate:

B® +nB?3) =

n+2 —

>p ol n+1j[(n 1)(n-2)D;, (1) —2n%e2D,,, (L) +
+n(1+3&*Dya(h) | Hadr (n=1, 2, .),

B =—py eT Dy (1) Ha (1) d2.

Taking into account formulas (1.10) and (1.11), the last equalities yield an
infinite system of linear algebraic equations for the unknowns X :

Xo = Dok X+ Ty (n=0,1 2, ..), (1.12)
k=0

l o0
Doy == [[ (1= (1-2)Dy 4(4) -2 Dy.a () +
0

+n(n+3)e’ n+3(x>] ~Aca (),

n-1 «

f === [ (=D (1~2)D 109 -2 1%6?Dy1 () +n (1+3)“Dy 30 | 161
0
(n=12,..),
f(L) =

€o
sh& sin A& d& |
o, | e SnEd

fy=¢ j D,(1) (L) dA, Doy =<2 j D,V Akgl(;) dn.

We introduce the following notation:
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T v . 7
Ink = { D () Aca(V) o~ im = £ D (V) f () d. .

Then, the matrix elements and the constant terms of the infinite system can be
written more compactly:

Dnk :_éamk [(n_l)(n_z)‘]n—l,k _2n282~]n+1,k +(n+3)n84‘]n+3,k] '
Dok — 8k+2\]1'k ,
1 - . . . — i
fn =—§8n l|:(n—1)(n_Z)Jn—l_2n2821n+1+(n+3)n841n+3} ’ fo_gjl '

For the quantities J,  and jm We have the following estimates:

Jr

LMD KR+D(k+2) ‘jm‘STn(ChE-’O_l) (m=>1, k=>0). (1.13)

4m2\/§

The estimates (1.13) imply the convergence of the series:

o0 o0
2
S ow@ [, Y| fE)]| for 0<e<i.
n, k=0 n=0
This allows us to conclude that system (1.12) has a completely continuous

operator in the |2 space. The solution to such a system also belongs to the |2 space
and can be found by the reduction method [3]. It can be shown that system (1.12) is
quasi-regular for 0 < <1 and totally regular for 0<e<gy <1 for some €y €[0,1]. The
restriction 0<e <1 is naturally related to the problem statement and implies that the
circle p=pPg and the semi-infinite cut 6 =0 do not intersect or touch each other.

Jm,k

3. Infinite System Solution and SIF Formula
We will seek the solution of system (1.12) using the small parameter method.

To this end, we expand the unknown quantities X, and the matrix elements into power
series in terms of the parameter €:

X0=®61)8+®(()2)83+0383)85+ v Xlz())](_l)82+(,0§_2)84+ .
X9 :03(21)83+..., X3 :(Dgl)84+ vy
2 3 3
Doo=€"J10,  Dpr=¢"J11, Dig=¢"J3p
fO:8j17 fl:82j2—284j4, f2:483j3+ . f3:—82j2+ .
; . 2 sh® 2
j1=2sh(g/2) —arctg(v2 sh(£0/2)) , =£M :
2 ChE_,O
21 1
=— sh 2) ch(2&4)—=ch 2)sh(2 ,
=715 Chzio( (€0/2) ch(2&p) 2 (€0/2) sh( &o))

. 2sh3(g/2) V2 sh(50/2) (3 3. 9 .o
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Jio=18 ,  J3=1/8 Ja0=1/16.
Equating the coefficients of the same powers of ¢, we find:
) _ . 2 . 3 2 :
of =ji, o =3, of) =3 i+ o,
o =i, oP =30 h-2j,, oY) =4j, 0§ =—jp.

Solving the obtained infinite system (1.12) by the reduction method allows for
determining the unknown coefficients x, with the required accuracy. The relationship
between the found coefficients and the local characteristics of the stress field makes it
possible to obtain a final expression for assessing the strength at the cut tip. The
desired formula for the stress intensity factor o takes the form:

K, = lim [«/2 (a—x) cy]

X—a

Ky = 46(7);/5 sh(&o/ 2){1+%[ 1- arCt\E}é;fé;(/i;)/ 2) } g2 +

[1 3 1 arctg(\/ish(éo/Z))} 4
+| =— - e+
4 16chgy 16 2sh(gy/2)

1 16 36 8 arctg(\/zsh(ao/Z))} 6 8
+128[19+ch6_,0 ch2§0+ch3§0 7 Bhig 2 € }+O(8 )

It should be noted that a straightforward analysis shows that the coefficients are
positive for g2k (k=1 2, 3).
Suppose that £=¢; corresponds to X=Xy, then (6=0):

Shzé_ozché,o—l:xo—a sh&—oz Xo-a
2 2 2a 2 2a

Formula (1.14) is rewritten as follows:

2
K, ={1+%[1—n(x0)] K J{l—ii—in(xo)} g4 +%{19+16 2 36 (i] +

(1.14)

X =achg, ch§0=% ,

4 16x; 16 Xo Xo

3
+8(i] 7n(xo)]g6 Zﬁcoﬂlxo—am(gB),

XO TT

s arctg )Z)—l
n(xy) =va———=——

Conclusions

1. A mathematical model of the stress-strain state of an isotropic elastic plane
has been constructed, taking into account the interaction of the stress fields of a
circular hole and a semi-infinite cut.

2. The application of the apparatus of addition theorems for basic solutions of
the Lamé equations in a mixed system of polar and elliptic coordinates allowed for the
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reduction of the original boundary value problem to an infinite system of linear algebraic
equations with respect to unknown coefficients.

3. It has been theoretically substantiated that the obtained infinite system of
equations has a completely continuous operator in the |, space, is quasi-regular (or

completely regular under certain parameter ratios), and can be effectively solved by
the reduction method.

4. An analytical dependence for the stress intensity factor in the vicinity of the
tip of a semi-infinite cut has been obtained. The use of the small parameter method
allowed for the derivation of calculation formulas that take into account the influence
of the problem geometry on the local stress distribution over a wide range of parameter
variations.

5. The geometric constraints of the model have been established, ensuring the
stability and accuracy of the solution under the condition of no intersection or contact
between the boundaries of the hole and the cut, which corresponds to the physical
meaning of the problem.

6. The practical significance of the obtained results lies in the possibility of using
the derived dependencies to perform refined engineering calculations of the durability
and reliability of structural elements containing similar defects without the need to
employ resource-intensive numerical methods.
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3acTocyBaHHS TeoOpeM 10aBaHHS 10 PO3B’A3aHHS 3a/1a4i PO
KOHILEHTPAIlil0 HANIPY:KeHb y 0araTo3B’si3Hii 00J1acTi
3 KPYrOBUMM TA eJiNTHYHUMHU MEKAMU

Y cTaTTi po3B’a3aHO MMOCKY 3agady Teopil NPYXHOCTI MpO B3aeMofio nonis
Hanpy>XeHb, 3yMOBJIEHNX HASABHICTIO NOEegHAHUX OedEKTIB Y MPY>KHOMY CepeoBULL.
JocnimkyeTbCA HECKIHYEHHa i30TpOMHa MnpyXHa niowmHa 3 KpYroBMM OTBOPOM i
NPAMOMIHIMHAM  HanNiBHECKIHYEHHMM pO3pi3oM, Ha ©Oeperax 4€KOro npuknageHe
HOpManbHe PIBHOMIPHO po3nofifieHe HaBaHTaxeHHs. [logibHi 3agadvi  MalTb
dyHOaMeHTarnbHe 3Ha4YeHHSA ONA MexaHikKn pynHyBaHHSA Ta Teopil MILHOCTI, OCKINbKN
KoemilieHTM IHTEHCMBHOCTI HanpyXeHb Yy BepLlWHi TpiwmHN 6e3nocepeaHbo
BU3HaAYalOTb HALIMHICTb | AOBroBiYHICTb BiAMOBIgANbHUX €fIEMEHTIB KOHCTPYKLUIM 3a
CKnagHux ymoB ekcnnyaTtauii. Came nokanbHa KOHUEHTpaLid HanpyXeHb HaBKOSO
Taknx gedekTiB, K TEXHOSIOrNYHI OTBOPU Ta eKcnryaTauiiHi po3pisn, 3a3Buyan Ctae
NepLUONPUYMHOID NepeayvyacHOro BUXody 3 nafy KPUTUYHUX BY3MIB TEXHIKW, LWO
00byMOBOE HEOOXIAHICTE OTPUMAHHA TOMHUX PO3PaxyHKOBUX Moaenen. [locnigpkeHHs
I'PYHTYETBCA Ha CTPOroMy aHaniTM4HOMY MiAxoAi 3 BUKOPUCTAHHAM anapaTy Teopem
AofaBaHHA anst 6as3MCcHUX pPo3B’si3KiB CUCTEMU PiBHSHL Jlame B MillaHMX cuctemax
KoopauHat. [na TOYHOro MatemMaTU4HOro onucy reoMeTpii 6araTto3s’si3HOI obnacrTi,
YTBOPEHOI MNOEAHAHHAM KPYroBoro OTBOPY Ta HaniBHECKIHYEHHOro po3pisy,
3aCTOCOBaHO KOMOiHaUil0 MONsipHOI Ta eninTUYHOI cucTem kKoopauHaT. Po3B’dA30k
nobynoBaHo y BUMSAi cynepnoauuii 6asMcHUX po3B’aA3KiB piBHAHb Jlame, 3agaHux y
Pi3HUX KOOPAMHATHUX CUCTEMAX, LLO JO3BONAE TOYHO 3a40BOSIbHUTU MPAHUYHI YMOBMU
Ha Mexax 0box AedekTiB ogHoYacHO. BukopmnctaHHs oopMyn po3knagy rapMOHIYHUX
OYHKUIN Y pi3HUX cucTeMax KoopauHaT [ano 3Mory nos’sisaTi rpaHuYHi yMOBWU Ha
KOHTYpax gedekTiB Ta 3BeCTW BUXIOHY KpanoBy 3afayy [0 HECKiHYEeHHOI cuctemu
NiHINHMX anrebpaiyHmMx piBHAHb BIQHOCHO HEBIOOMMX KoediuieHTiB. Y poboTi
nNpoBeOeHo AeTanbHUW aHania MateMaTU4yHUX BNacTUBOCTEN OTPUMMAaHOI CUCTEMMU
PiBHAHb Y KOHTEKCTi B3aemMofii OTBOpYy Ta po3pidy. [loBedeHo, WO BOHA Mae LifkoM
HernepepBHUit onepaTtop y npoctopi |, , BcTaHoBREHO yMOBMY i KBasiperynspHocTi Ta
NMOBHOI PerynapHoOCTi 3anexHo Bi reoMeTpu4HUX rnapameTpiB 3afadi, Wo rapaHTye
LWBMAKY 36DKHICTb PO3B’A3KY Ta MNOBHICTIO OBI'PYHTOBYE MOXMMBICTL 3aCTOCYBaHHSA ANs
il po3B’A3aHHa MeTody penykuil. 3a3HayeHy cucTemy po3B’si3aHO METOOOM Marnoro
napameTpa, WO OO03BOMUMNO ofepXaTu aHanitudHi Bupasum gna KIH y BeplumHi
HaniBHECKIHYEHHOro po3pi3y 3 ypaxyBaHHAM MigCUMNIOKYOro BNiMBY pO3TallOBaHOIMo
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nobnmsy KkpyroBoro otBopy. OTpuMaHa aHaniTMyHa 3anexHiCTb 3abesnevye
MOXMMBICTb MNPOBEAEHHA NMOOKOro SKICHOro Ta KiNbKiCHOrO aHanisy BhnvBy
reoMeTpUYHMUX (PakTopiB Y LUMPOKOMY AianasoHi IXHbOI 3MiHW. [1peacTasneHi B cTaTTi
pesynbTatv € ePEKTUBHUM aHaniTU4HUM IHCTPYMEHTOM ANSA NPOBEeAEHHSA YTOYHEHUX
OLHOK MILUHOCTI Ta TPIWWHOCTIMKOCTI eNeMeHTIB KOHCTPYKUIN i3 B3aemMopaitounmm
aedekramm  pisHol  popmu.  3anponoHoBaHWW  NigXid  [O03BONSE  YHUKHYTU
3aCTOCYyBaHHS PECYPCOMICTKMX YMCENBbHUX METOAIB i 3abe3neyye BMCOKY TOYHICTb
pes3ynbTaTiB y 3agadax Npo KOHUeHTpauito HanpyxeHb. OTpumaHi po3paxyHKOBI
dopmynn MoxXyTb ByTn 6e3nocepedHbO BUKOPUCTAHI B iHXEHEPHIN npakTuui ans
NiABULWEHHS HaAiNHOCTI OUiIHIOBAHHA TEXHIYHOro CTaHy KOHCTPYKUIW 3a CKIagHoro
HaMNpPy>XeHOro CTaHy, a TakoX MpW MNPOEKTyBaHHI AeTanen 3i WnoHKoBMMK abo
3ybyactMmun 3’€eaHaHHAMW.

Knroyoei cnosa: koediuieHT IHTEHCUMBHOCTI HanpyXeHb, TeOpist MPY>XHOCTI,
KPYroBuin OTBIp, HaniBHECKIHYEHHWIA PO3pi3, TeopeMu AoAaBaHHA, 6a3nCHI PO3B’A3KK,
PiBHSAHHA Jlame; nonapHa 1a eninTMyHa cMCTeMU KoopauHar.
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