Ne2(43) 2026

w‘i 155N 1996-1588

MiHicTepCcTBO OCBiTH i HAYKH YKpaiHU

IIIII FERRE R T IIIII

HAVKOBI ITPAIII

HOHEIIBKOI'O HAIIIOHAJIBHOTI'O
TEXHIHHOI'O YHIBEPCUTETY

Cepisa: IHpopmaTHKa, KibepHeTHKA
Ta 00YMC/IIOBAIbHA TEXHIKA

AOHELIbKWIA
HALIOHAABHUI
TEXHIYHUN
YHIBEPCUTET

1%
Jlporo6uu 2026 |




YK 004+519.6+519.7

[Tybmikyetbes 3rimHo 3 pimeHHsM Buenoi pagu JIBH3 «/loHeubkuii HalioHAIBHUN TEXHIYHUI
yHiBepcuteT (mmpotokon Ne 9 Bix 17.09.2026).

30ipHUK MICTHTh HaYKOBI CTaTTi, III0 BUCBITJIIOIOTh PE3yJIbTaTH HAYKOBUX JIOCHIKEHbB 1
pO3po0OK B TaKMX HampsMKax, SK iH(opmaTHka, KibepOesneka, 3axXUCT iHpoOpMalii, YUCeTbHI
METO/H, TapaJiebHi 00UHMCIICHHS, IPOrpaMyBaHHs, po3po0Ka 3ac00iB 00UNCIIIOBATIHLHOT TEXHIKH,
JOCITIJKEHHST KOMIT IOTEPHUX MEpek, MallnHHA Tpadika 1 o00poOdka 300pakeHb, aBTOMAaTH3AIli,
poOOTOTEXHIKA, MATEMAaTHYHE MOJICTTIOBAHHS B PI3HUX TaTy3saX. MaTepianu 30ipHIKa TpU3HAYCHI]
JUIS. HAYKOBUX CHIBPOOITHHKIB, BUKJIAZAa4iB, 1HKCHEPHO-TEXHIYHMX MPAI[iBHHUKIB, acMipaHTIB Ta
CTYJICHTIB.
3acHOBHMK Ta BUAaBelb — JIOHEUbKUI HallioHATBHIH TexHIuYHUH yHiBepcuteT (JJoHHTY)

PEJTAKI[IHHA KOJIETIA:

I-p Hayk, npod. 5. FO. Jloporuii (ronmoBHHI penakTop); a-p Hayk, npod. €.0. bamkos, (3acTymHUK
TOJIOBHOTO PeIaKTopa); I-p Hayk, mpod. O.A. JImutpiesa, 1-p Hayk, mpod. .M. XKypasceka; 1-p Hayk,
npog. JI.B. KoBanbuyk; 1-p Hayk, npod. C. /1. [loropinuii; n1-p Hayk, npod. B.B. Jlykamenko; a-p Hayk,
npo¢. B.A. Cesatauid; 1-p Hayk, npod. I'.I". [lIBauny; a-p Hayk, npod. I.C. JlakTioHOB; 1-p HayK, pod.
10.C. SImHeHKo; 1-p Hayk, mpod. [aitapux tedan; a-p Hayk, npod. Kinne Hoaxum; 1-p Hayk, mpod.
Pemr Mixaenb; n-p dinocodii (kann. Hayk), moueHTt B.B. Bopomaea; n-p dinocodii (kaHa. Hayk),
nonient H.B. Ixentok; a-p ¢inocodii (kanm. Hayk), moueHT A.A. €dimenko; a-p dimocodii (kam.
Hayk), nouieHT LS. 3enenpoBa; a-p dinocodii (kaHa. Hayk), goueHt C.B. Maprienko; a-p ¢inocodii
(xann. Hayk), noreHT H.O. MacnoBa; n-p dinocodii (kana. Hayk), gomneHt A.B. Ilucapenko; a-p
dinocodii (kana. Hayk), notieHT B.IT. [TonTopak; a-p dinocodii (kanma. Hayk), noreHT M.FO. Tonka4os;
I-p dinocodii (kana. Hayk), noueHt B.B. Llypkan; n-p ¢inocodii (kaua. Hayk), noreHr I.A. Hazaposa
(Bimm. cexperap BHITYcKY), €.0. €5xoBa (TEXHIYHHI peraKTop).

Azpeca penakiii:
IOpunnuna aapeca: . [llubankona, 2, m. [TokpoBebk, JJonernpka oonacts, 85300

®axTnuHa aapeca: ByJa. CamOipcbka, 76, M. Jlporoduy, JIbBiBcbka 00i1., 82111

Anpeca nns muctyBanHs: ByJ. [lleBuenka, 9, m. [[poro6uy, JIpBiBCcbKa 006:1., 82100
E-mail: ikot@donntu.edu.ua

30ipHUK 3apeecTpoBaHO B JlepkaBHOMY KOMITeTi iH(OpMAIiiHOT MOJITHKH, TeneOaueHHsS Ta
paniomosyieHHs Ykpainu. CimonTso: cepis KB, Ne7374 Bix 03.06.2003.

30ipHUK BKJIIOYEHO JI0 MepeliKy HayKoBHX (haXxOBMX BHJaHb YKpaiHU, B SKHUX MOXYTb
nmyOJTiKyBaTHCS pe3yIbTaTh JUCEPTALIHHUX POOIT Ha 3100y TTs HAYKOBUX CTYIIEHIB IOKTOPA HAYK,
KaHAMaTa HayK Ta CTYNEeHs JoKTopa ¢inocodii 3a crienialbHOCTIMHU:

- F2 Imxenepis nmporpaMHoro 3abe3neueHHs;

- F3 Komm'toTepHi HayKu;

- F5 KibepOesneka Ta 3axuct iHpopmaii;

- F6 Inopmartiiini cucTeMu 1 TEXHOJIOT;

- F7 Komn'toTepHa iHxeHepis;

- G7 ABTOMaTH3alis, KOMIT'IOTEpPHO-IHTEIPOBaH1 TEXHOJIOT1T Ta pOOOTOTEXHIKA.

(naka3 MinictepcTBa ocBiTH 1 Hayku Ykpainu Ne928 Bin 11 uepsus 2026 p.)

301puuk "HaykoBi mpami JouHTY, cepisa "lndpopmaruka, kiOepHeTHka Ta OOUYMCIIOBAJIbHA
TexHika" 3a HakazoMm Ne 928 MOHY Bix 11.06.2026 orpumaB kateropiro b.

ISSN 1996-1588 (Print), © Astopu crateii, 2026
ISSN 3083-6050 (Online) ©JIBH3 [loHelnbKwHii HAI[IOHATBHUI TEXHIYHUN YHIBEPCUTET



ISSN 1996-1588 Hayxoei npayi [JonHTY Ne 2 (43), 2026
Cepia “Inghopmamuxa, kibepnemuxa
ma obuuco8anbHa mextika”

SMICT

O. L. Smovzhenko, A. V. Pysarenko
Method for adaptive coordination of unmanned aerial vehicle swarms based on artificial potential fields 5
and reinforcement learning

I'. T. IBauny, L. I'. OaimeBchkuii, I1. O. Iy

MaremaTiyHe MOJICITIOBaHHS Ta iAeHTH(IKALIisS IPOIECIB 3a0py THEHHS aTMOC(EPH 13 3aCTOCYBaHHIM 15
BHCOKOITPOTYKTUBHHX PO3MOALIEHIX O0YHCIICHb

O. A. JImurpiena, B. C. I'epman

. " . . 28
CroxacTH4YHEe MOJCIIOBAHHS TIOBEAIHKOBOI TMHAMIKH 3 YPpaXyBaHHIM KOTHITUBHUX BUKPUBIICHb
M. C. Kynna
AnanTuBHa nonepeHs 00poOKa JOBIMX ay/AiONOTOKIB i3 ypaxyBaHHSIM MeK MOBHUX CEIMEHTIB JIJIs 40

MaciuTaboBannx ASR-cuctem

C. B. Ko3upesn, B. M. I1axomoBa
O1iHIOBaHHS CTIKOCTI HEHPOMEPEKHOTO MPOTHO3YBaHHS IHTEHCUBHOCTI 1H(QOpMALIIHHUX TTOTOKIB Y 48
mepekax MPLS 3a yMoB 00MeXeHOTr0 00CsTy HaBYAJIbHUX TaHHX

0. H. Pomanwk, O. JI. Booko
Meroj GaaHCyBaHHST O0YKCITIOBATEHOTO HABAHTAKEHHS B 0araTOMOTOKOBUX MPOIPAMHUX CUCTEMax 59
TPUBUMIPHOTO PEHJICPUHTY

O. V. Frolov 68
Local invariant coordinate system of a regular surface based on principal curvature directions

C. 1. Boomyk

®denepariBHE HABYAHHS SIK METO/I PO3IIOIUICHOTO YIIPABIiHH €HEPrOCIIOKUBAHHM allapaTHoO- 81
MPOrpaMHUX KOMILIEKCiB Ha 6a3i ManonotykHux loT-npucrpois

D. U. Uvarov, M. O. Aleksandrov 88
Evaluating refusal behaviour and conflict resolution in large language models

Ya. Yu. Dorogyy, I. A. Nazarova, N. O. Maslova, T. V. Altukhova 97

Integration of Stiff Chaotic Models and Numerical Solvers into Cryptographic Frameworks

A. O. Nikitenko
A Method for Domain Adaptation of a Neural Network Model Based on a Hybrid Architecture for 111
Detecting Network Intrusions

. FO. Xoma 123
OuinroBanss BusaBHOCTI Mozaeni STEGANOGAN Ta Mexi 3MarajibHOro JOHaBYaHHS

Ye. O. Yezhova

Detection of Statistical Attacks on Keyboard Handwriting Based on Multivariate Anomaly Detection 133



ISSN 1996-1588

Hayxoei npayi JJonHTY

Ne 2(43), 2026

Cepisa “Inghopmamuxa, Kibepnemuxa
ma 064UCTI08aNbHA MexHika”

VK 512.2

0. V. Frolov, Cand. of Technical Sciences, Associate Professor
Simon Kuznets Kharkiv National University of Economics, Kharkiv, Ukraine

frolgx@gmail.com

LOCAL INVARIANT COORDINATE SYSTEM OF A REGULAR
SURFACE BASED ON PRINCIPAL CURVATURE DIRECTIONS

The paper addresses the problem of forming a local invariant coordinate system for a parametrically
defined regular surface. A local orthonormal trihedron is developed with two axes aligned with the
principal curvature directions and the third with the surface normal. Based on the first and second
fundamental forms, relations for determining the principal directions, direction cosines, and the
transition matrix between the Cartesian and local coordinate systems are obtained. The conditions
for unambiguous determination of the local frame are established, excluding umbilic points. Four
orientation variants of the local trihedron are identified, corresponding to simultaneous reversal of
the directions of any two axes and preserving the orientation of space. The resulting frame is
determined by the intrinsic geometric characteristics of the surface rather than by the directions of
its parametrization, thereby providing geometric invariance with respect to the choice of
parameters. Numerical verification using a helicoid and a one-sheet hyperboloid confirms the
orthonormality, right-handed orientation, and correspondence of the tangent axes to the principal
curvature directions. The proposed approach can be applied to geometric modeling, kinematic
surface formation, and analysis of the relative position of geometric objects.
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Introduction

Modern problems in geometric modeling,
computational geometry, CAD/CAM, and surface
mechanics require surface geometry to be described in
a form independent of the particular parametrization
used. For a parametrically defined surface, the
directions of its parametric coordinate lines provide a
natural coordinate system; however, they are generally
not orthogonal and do not have a direct invariant
geometric meaning. In contrast, the principal curvature
directions are determined by the local geometry of the
surface itself and correspond to the principal directions
of the Weingarten operator, while the associated
principal curvatures characterize its local shape.

This distinction is particularly important for
free-form and parametrically defined surfaces, where
local shape analysis, curvature-line tracing, geometric
approximation, surface mesh generation, positioning,
and kinematic modeling rely on geometrically
meaningful local directions. Recent studies
demonstrate the use of principal directions and
curvatures in such problems, including curvature-line
tracing on trimmed multipatch surfaces and the
analysis and processing of parametric surfaces. The
classical Darboux trihedron is traditionally considered
along a prescribed curve on a surface. At an arbitrary
point of the surface, however, a different problem
arises: how to determine a local orthonormal
coordinate system directly from the surface geometry,
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rather than from the directions of a particular
parametrization or curve. Existing approaches mainly
concern moving frames along curves or specialized
frame constructions. This leaves a need for a local
frame at an arbitrary surface point whose tangent axes
are determined by the principal curvature directions.

Therefore, the development of a method to
transform an arbitrary parametric description of a
regular surface into a local orthonormal coordinate
system that preserves its invariant geometric
characteristics is of practical and theoretical interest.
Such a method establishes a direct connection between
the parametric representation of a surface and its local
geometric structure, providing a basis for geometric
modeling and kinematic analysis.

The aim of this study is to develop a method
for constructing a local invariant coordinate system for
a regular surface at an arbitrary regular point, based on
its principal curvature directions, and to investigate its
geometric properties and practical applicability.

Subject of research: methods for constructing
a local invariant coordinate system of a regular surface
based on its principal curvature directions and surface
normal, including the determination of the
corresponding local orthonormal frame and its
orientation with respect to a fixed Cartesian coordinate
system.

Literature review

The theoretical foundation of this study is
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provided by the differential geometry of surfaces, in
which the local geometry of a surface is characterized
by the first and second fundamental forms, the surface
normal, normal curvature, and principal curvatures.
The classical approach to constructing moving
geometric frames associated with surfaces and curves
on them was established in Darboux's work [5]. This
work laid the foundation for the Darboux trihedron, a
local orthonormal frame whose orientation is
determined by the geometry of a surface and a curve
lying on it.

The modern development of the theory of
moving frames associated with surfaces and their
curves is represented by a number of studies. In
particular, [1] considers a modification of the Darboux
trihedron and applies it to the construction and
investigation of surfaces. In [2], new orthogonal
moving frames are introduced for curves lying on a
surface and are directly related to the classical
Darboux trihedron. The Darboux trihedron is also used
in [16, 17] to investigate special classes of surface
curves, including geodesics, asymptotic curves, and
curvature lines. Further developments of this approach
are presented in [8], [13], and [4], where various
generalizations and applications of Darboux frames
are considered in the study of geometric properties of
curves and surfaces.

A related line of research concerns the operator
and matrix representations of local surface geometry.
In [9], the shape operator and rotation matrices
associated with Darboux trihedra on ruled surfaces are
investigated. The authors establish relationships
between transformations of tangent vectors, the
surface normal, and matrix representations of the
corresponding geometric operations. These results
demonstrate that the local orientation and geometric
properties of a surface can be effectively described
using matrix transformations.

Of particular relevance to the present study is
[19], which addresses the construction of curves and
surfaces using the Darboux trihedron. The authors
consider the Darboux trihedron as a moving
orthonormal frame associated with a surface and
determine its unit vectors with respect to a fixed
Cartesian coordinate system. Of particular interest in
the context of the present work is their treatment of the
direction cosines of the trihedron vectors based on the
parametric representation of the surface.

The results presented in [19] are closely related
to the problem considered in this study, since both
approaches involve a local coordinate frame associated
with a surface and its orientation with respect to a fixed
Cartesian coordinate system. Nevertheless, the
geometric principles underlying the construction of the
tangent axes are fundamentally different. In [19], the
tangent vectors of the Darboux trihedron are
determined by the prescribed construction of the
moving frame and its relation to the surface and an
associated curve. In the present study, by contrast, the
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tangent axes are determined directly by the principal
curvature directions of the surface. Thus, the principal
directions, rather than the parametric coordinate lines
or an additionally specified curve, provide the
geometric basis for the local frame.

This distinction also determines the role of the
surface parametrization in the proposed approach. The
parametrization is not regarded as the geometric basis
for selecting the tangent axes; instead, it provides the
computational representation from which the first and
second fundamental forms and the corresponding
characteristics of the shape operator are obtained. The
local frame 1is therefore defined by geometric
characteristics of the surface that do not depend on the
particular choice of its parametrization.

Another important direction of current research
concerns the determination and application of
principal curvatures and principal curvature directions
for parametrically defined surfaces. In [14], the first
and second fundamental forms and their relationship
with the metric and curvature characteristics of a
surface are considered. The study [7] investigates
restrictions on the principal curvatures of spline
surfaces, using their parametric representations and
derivatives to establish global conditions on curvature.
In [18], the curvature tensor is computed for surfaces
represented by triangular meshes, with principal
curvatures and principal curvature directions used as
local characteristics of surface geometry.

The practical relevance of principal curvature
directions for the analysis of complex parametric and
free-form surfaces is demonstrated in [11]. The authors
investigate curvature trajectories on trimmed
multipatch surfaces and show that curvature lines and
other special trajectories can be determined from local
curvature characteristics. In [3], the magnitude and
direction of principal curvature are likewise used as
locally meaningful characteristics in the analysis of
surface shape.

Further developments in this field involve
describing surface geometry in terms of principal
curvatures and coordinate-independent geometric
characteristics. In [10], the geometry of principal
curvature surfaces is studied using principal curvatures
as defining local characteristics. In [15], surface
geometry is considered from a coordinate-independent
perspective, and moving-frame methods are employed
to describe the local kinematics of a surface. These
studies further support the transition from a purely
parametric description to geometric quantities with
invariant meaning.

The literature reviewed above shows that
moving frames, Darboux trihedron, principal
curvatures, and principal curvature directions have
been extensively studied as tools for describing the
local geometry of surfaces and curves. However, a
specific problem remains insufficiently addressed: the
construction of a local orthonormal frame at an
arbitrary regular non-umbilic point of a surface in
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which the two tangent axes are determined specifically
by the principal curvature directions, while the third
axis is aligned with the surface normal. Such a
construction would provide a local frame determined
entirely by the geometric characteristics of the surface,
without relying on the orientation of its parametric
coordinate lines or on the prior selection of an
additional curve on the surface.

Local surface invariant frame construction
operator

We formulate the mathematical statement of
the problem considered in this study in the most
general form. Let

Sc~?
be a regular parametrically defined surface, and let
MeS
be a non-umbilic point of the surface. At the point M ,
let n denote the unit normal to the surface, while e,
and e, denote unit vectors along its principal curvature
directions.
We introduce the operator
F:S,M)—R,,,
which associates with each pair (§,A7) a local

orthonormal geometric frame
R, ={e,e,,e,},
where
e, =n.
The vectors of the local frame satisfy
el.-ej=5!.j, i,j=12,3,
and, for a right-handed orientation,
e xe, =e,.

The tangent vectors e and e, are determined as

the principal directions of the Weingarten operator:
We, =ke,, i=12,

where k and £, are the principal curvatures of the
surface at M . Since M is a non-umbilic point,

k #k,,
and the corresponding principal directions are
uniquely determined as unoriented lines. Their
orientations can then be chosen so that the resulting
trihedron has the prescribed orientation.

Thus, the operator can be represented as the
mapping

F :(S,; M) (e,e,,n),
that assigns to a surface and a point on it a local
orthonormal frame oriented according to the invariant
geometric characteristics of the surface.

It is important to emphasize that the resulting
frame is determined by the local geometry of the
surface rather than by the choice of its parametrization.
A parametric representation is used only at the
computational stage to determine the first and second
fundamental forms, the Weingarten operator, and its
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principal directions. Therefore, the parametrization is
used to compute the frame but does not determine its
geometric orientation.

For practical implementation, the construction
operator can be represented by the following sequence:
S>> 1) —>W —>(k,e),(k,,e,) >R,,,
where 1,1l are the surface fundamental forms for the

given parametrization. The next section considers the
surface in its classical parametric coordinate
representation and develops the corresponding
computational form of the proposed operator.

Determining the orientation of the invariant
trihedron at a surface point

Unlike the Frenet trihedron, whose axes are
geometrically determined independently of the
particular parametrization of a curve, defining a
corresponding trihedron at a point of a surface involves
additional difficulties that require certain assumptions
or restrictions. The requirement of mutual
orthogonality of the frame axes allows one axis to be
assigned to the surface normal, while the other two lie
in the tangent plane. Since the directions tangent to the
coordinate lines of a surface are generally not mutually
perpendicular, one must either restrict consideration to
orthogonal coordinate grids or introduce an additional
parameter that specifies the orientation of the frame
within the tangent plane. In this case, a change in the
parametrization of the surface makes the orientation of
these axes non-unique.

The requirement of an invariant orientation of
the axes therefore calls for a unique determination of
the principal curvature directions of the surface at the
given point. This condition excludes the umbilic case.
In Euclidean three-dimensional space, the plane and
the sphere are the two standard surfaces for which
every point is umbilic. The resulting formulation is
therefore more general, since it does not require any
special choice of surface parametrization.

Accordingly, in what follows, we consider a
surface-attached frame whose axes form an orthogonal
system and are defined by the unit vectors e,, e,, and

e,, corresponding, respectively, to the two principal

curvature directions and the surface normal at the
given point. We refer to this frame as the invariant
frame of the surface.

Consider a surface parametrically represented
in the rectangular Cartesian coordinate system Oxyz

x=f(u,v), y=pu,v), z=yu,v) ()
and a point M on the surface, specified by the
parameter values u, and v, .

In accordance with the above, the point M is
assumed not to be an umbilical point of the surface.

We now proceed to determine the orientation of
the axes of the surface-attached trihedron at the point
under consideration. For this purpose, we assume that
the first and second partial derivatives of the equations
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(1), as well as the coefficients E,F,G of the first
fundamental form and L,M,N of the second
fundamental form obtained from them, are known.
The orientation of the unit surface normal
vector e, is determined by the direction cosines

corresponding to the three angles «,, B,and y,

formed by this vector with the basis vectors i,j and k
of the coordinate system Oxyz . Representing e, as the

vector product of the unit vectors tangent to the
coordinate lines u# = const and v = const at this point,
we obtain the following expressions for these direction
cosines

)

where x,x,¥,,¥,, 2, z, denote the first partial
derivatives of the functions in (1), evaluated at the
parameter values u, and v,.

The principal curvature directions at the given
point can be determined in two ways:

— directly from the coefficients of the first and
second fundamental forms of the surface;
from the principal curvatures (or principal
radii of curvature) and the coefficients of the
fundamental forms.

We first consider the determination of the
principal curvature directions at a point of the surface
(1) directly from the coefficients of the fundamental
forms. We begin with the fundamental expression for
the curvature of a normal section at the point:

_ﬂ_ Ldu® +2M du dv+ N dv*
I Edi*+2F dudv+CadvV’

The principal curvature directions are obtained
from (3) as the directions corresponding to the
extremal values of this function with respect to the

G3)

argument % , which leads to the following condition:
v

(LF — ME)du® + (LG — NE)dudv +

+(MG — NF)dv* =0. '

If the point on the surface is non-umbilic, the
coefficients of equation (4) cannot all be zero

simultaneously. Moreover, for the roots of this
equation to be real, its discriminant must be positive:
(LG - NEY’ + 4(LF — ME)(NF — MG) > 0.

Therefore, the only possible case is that two of

the coefficients of the squared differentials are

simultaneously equal to zero. In this case, the principal

curvature directions are determined by the equations

du=0,dv=0, that is, at the given point, the

“4)
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coordinate lines coincide with the curvature lines.
Suppose that the first or the third coefficient of
this equation is equal to zero. Then equation (4) can be
factored into two linear factors, the first of which can
be set equal to the differential dv (when

(LF-ME)=0) or to the differential du (when
(MG - NF)=0). We then obtain two roots of equation
dv=0 (or du=0),
while the second is given by the ratio of the

(4): the first is, respectively,

differentials du (or ﬂ). Thus, one of the directions
dv du

of the coordinate lines coincides with a principal
curvature direction.

In the remaining cases, including the case when
(LG-NE) =0, equation (4) can be divided by the
square of one of the differentials. Let this be dv*. We
then obtain the solution of equation (4) in the form:

du _ NE-LG

dv  2(LF-ME)
N \/(NE —~LG)* +4(LF — ME)(NF - MG)
- 2(LF — ME) '

Since equation (4) generally has two roots
determined by the ratio of the differentials, let the first

©)

of them be denoted by du and the second by ou . To
dv ov

determine the unit vectors of the principal curvature
directions of the surface,e, and e,, we express them
in terms of the tangent vectors r, and r, to the
coordinate lines of surface (1) as follows:

du
r,—+r,
\4

B 2
E(duj +2F@+G
dv dv

0
r,—+r

llé\ v

e

Passing from the vector representation to the
coordinate representation, we obtain the direction
cosines of these vectors:

€ =

€, =

(6)

+2F@+G

dv

du
X, —+x,
dv

2 2
E(duj +2F@+G
dv dv

u
xu—+xv

1%

> 5
E @ +2F@+G
ov dv

cosa, =

cosq, =
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a,
yu dv yV

cos B = - )
\/E(duj +2F@+G

dv dv

ou,
Yu Sy Yy

cos f, = ;

3] e

+2F—+G
A%

(N

where all expressions for the derivatives and the
coefficients of the fundamental forms appearing in (5)
and (7) are evaluated at the parameter values
corresponding to the point M .

We now turn to the second method for
determining the principal curvature directions. First,
we derive the expressions for the principal curvatures
of the surface at the given point. This can be done, for
example, using the well-known relations for the
Gaussian and mean curvatures of a surface. This leads
to a quadratic equation whose roots are:

(LG-2MF +EN ¥

T NEG-FY)
T(NE - LG)’ +4(LF - ME)(NF - MG)))

where the choice of sign on the right-hand side of (8)
is made consistently with the directions given by (5).
This can be verified by direct substitution of the
expression for du from the right-hand side of (5),
together with dy, into (3).

Having determined the principal curvatures, we
construct, based on (3), two quadratic forms as
follows:

b (8)

A=1I1—kl, A=1II—kl. 9)
The forms (9) are characterized by a zero

discriminant and can therefore be represented as the
squares of two linear forms:

A= (a,du+bdv)’, A= (a,du+b,dv)’, (10)
where the coefficients a,, b, (i =1,2) can be obtained

from (9) in terms of the two principal curvatures and
four coefficients of the fundamental forms of the
surface, two from the first fundamental form and two
from the second. We demonstrate this for the first of
the forms (8). To this end, we represent it in the form:
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A=(L-KkE)du’ +2(M —kF) du dv_ an
+(N —k,G) dv’.

The fact that the discriminant of (11) is equal to
zero makes it possible to express any one of the
coefficients of the quadratic form in terms of the other
two. Thus, we obtain three possible representations of
a, and b;:

a =\L-kE,a/

M_le m_ 1,

= M—le, b'=yN-kG,b"=b.
JL—kE
According to (3), setting the first of the forms
(9) equal to =zero determines the direction
corresponding to the first principal curvature of the
surface at the point M . We obtain this direction in the
form:

b (12)

du b

AR (13)

a

where a, and b, are determined by formulas (12).

In an analogous manner, the second principal
curvature direction can be determined from the
coefficients of the second of the forms (10):

ou b,
—_—=—, 14
5 (14)

a,

where the expressions for a, and b, are obtained

from (12) by replacing k, with k, .

Eliminating the coefficients of the differentials
from the discriminants of the forms (9) also makes it
possible to express two coefficients of the quadratic
forms of the surface—one from the first fundamental
form and one from the second—in terms of the
remaining four coefficients and the principal curvature
functions. For example, the expressions a/, b and

a,,b, eliminate the corresponding coefficients
N-kG and N-k,G. In this case, the coefficients
N and G can be represented in the following form:
— kl 2 kz ”2
- 2 bl >
(kl _kz) (kz _kl)
b
(kl_kz) (kz_kl)'

Similarly, in the second representation (a, b

and a;,b; ), the coefficients L and E' can be expressed
in terms of the coefficients M, N, F,G and the

principal curvatures. In the third representation, the
middle coefficients of the quadratic forms can be
expressed in terms of the first and third coefficients, as
well as &, and £, .

We determine the unit vectors of the principal
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curvature directions e and e,according to (6) by

substituting the right-hand sides of (13) and (14) into
the numerator, together with the expression for one of
the coefficients of the first fundamental form of the
surface obtained above. After simplification, the result
can be written in the following form:

e =nr,+mr,,e=nr+nr, (15)
where the coefficients n,, n, and 7, nn, are given by

the corresponding expressions for the representations
in (12):
— for the first representation

o M-kF [L-kE
" (LF-ME\ k —k,

o L-KE [L-KE
> (ME-LF)

—_ M-kF [L-kE
' (LF-ME)\ k,—k,’

o L-kE [L-kE
> (ME-LF) ’
— for the second representation

oo N-kG [N-kG
' (MG-NF)\ k—k,°
o M=kF_IN-kG.
> (NF-MG)\ k -k,
o N-kF [N-kG
' (MG-NF)\ k, -k~
o M-kF [N-kG
> (NF-MG)\ k, —k.

— for the third representation

W= (VK G) [FE ¢
(LG NE) k —k,
o1 -k ) (N80
kl_k2

ny = —kE)
(NE 16 \/
+HM -k F) ’ ),
= (LG- NE) o-np) Wk G) \j k,
(16)
+HM -k, F) ’ ),

e (@-kp) NG,
(NE-LG) k, —k,
-k E
+(M -k, F ;
M-, F), [~ A

By comparing the denominators in equations
(16) with the coefficients in (4), and taking into
account the remarks concerning these coefficients, we
can conclude that, in the general case, when the
tangents to the coordinate lines do not coincide with
the principal curvature directions, any of the three
representations can be used. If one of the principal
curvature directions at the given point coincides with
the tangent to the coordinate line u = const, the first
representation can be used; conversely, the second
representation should be used when the tangent to the
v=const coincides with a principal curvature
direction. The third representation can be used in both
cases.

When both principal curvature directions
coincide with the directions of the tangents to the
coordinate lines, the coefficients in equations (15) take
the following form:

n=0,n,= , = .1, =0,

(klzﬂ,kzzﬁj.
G E

For the direction cosines of the principal

curvature directions, we obtain:
cosq, =nx, +n,x,,Cco8Q, =nx, +mx,;

Cosﬂl = nlyu +n2yv’ COSﬂZ = ﬁlyu +ﬁ2yv’
CoSy, =nz, +n,z,,Co8y, =Nz, +n,z,,
where the parameter values used to compute the
coefficients in (16) correspond to the point M .
Having obtained the expressions for the
direction cosines of the trihedron axes, we define the
axes of the moving Cartesian coordinate system to
coincide with the directions of e,, e,, and e, of the
trihedron at the point As ( X5 Vo» Zo)' We then obtain
the standard coordinate transformation formulas:
x=x,+cosayx'+cosa,y' +cosa,z’,
y=y,+cos Bx'+cos B,y +cos S,z
z=2z,+cosy,x'+cosy,y +cos y,z'
The inverse transformation formulas:
x'=(x-x,)cose, +(y—y,)cos B +(z—z,)cosy,,

V' =(x—x,)cosa, +(y—y,)cos B, +(z—2z,)c08 55

(17)

z'=(x—x,)cosa, +(y—y,)co8 B, +(z—z,)cos 7,
These formulas can also be written in matrix
form:
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x' cose, cosf, cosy \[ x—x,
y' |=|cosa, cosf, cosy, || y—y, | (18)
z' cosa, cosf, cosy, )\ z—z,

Before applying the coordinate transformation
formulas, the axes of the trihedron must be oriented
consistently with the orientation of space, either as a
right-handed or a left-handed triple of vectors i, j, and

k. The presence of square roots means that the
direction cosines of the trihedron unit vectors can be
determined only up to sign. On the other hand,
according to the formulas of analytic geometry, these
quantities are not independent. Therefore, the
following approach can be used: first, determine any
two vectors from the triple e, e,, and e,, and then

define the direction cosines of the third unit vector as
the coordinates of the cross product of the two vectors
already obtained. For example, let us determine the
direction cosines of e, and e, using (16). Then, for e,

, We obtain:
cosa, = Cos 3 cos ¥, —Cos ¥, cos f3,,

COS 3, =COS ¥, COS L, —COS &, COS 75,
oS y, =cos ¢, cos 3, —cos 3 cos a,.

The transition from the parametric equations of
the surface (1) to the equations with respect to the
coordinate system associated with the moving frame is
performed using (17), by substituting the right-hand
sides of (1) for the original coordinates x, y, and z.

Accordingly, four possible configurations of the
surface relative to the tangent plane and its principal
curvature directions should be considered.

Numerical verification of the local invariant
coordinate system

To numerically verify the proposed method for
constructing a local invariant coordinate system,
studies were conducted on regular surfaces of different
types. The computations were performed in the Julia
1.10.2 environment using the LinearAlgebra and
GLMakie packages. The LinearAlgebra package was
used for vector and matrix operations, computation of
dot and cross products and vector norms, solution of
systems of linear equations, and verification of the
orthonormality and orientation of the constructed
frame. The GLMakie package was used to visualize
the surfaces under study and the corresponding local
coordinate systems. The source code is available in the
accompanying Zenodo repository [6].

In each experiment, for the given surface
parametrization and the selected regular point, the
tangent vectors, the coefficients of the first and second
fundamental forms, the unit normal, the principal
curvatures, and the corresponding principal curvature
directions were computed. In addition, the consistency
of the obtained directions with the eigenvectors of the
generalized eigenvalue problem
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bé =kgé.

E F L M
where g= F G and b v N are the

matrices of the first and second fundamental forms,
respectively, & is the principal curvature, and

£=(4,B)" contains the of the

corresponding direction in the parametric basis
{r.r } The corresponding spatial direction on the

u’v

coordinates

surface was then determined by the relation:
e=Ar, +Br,.

The agreement between the normal curvatures in
these directions and the corresponding principal
curvatures was also verified:

&g

()= e

Based on the directions obtained, a local
orthonormal frame {e,e,,e, }, Was constructed.

The correctness of the constructed frame was
evaluated according to the following conditions:

Q'0=1, detQ=1, e xe, =e,
where o= [el;ez;e3] .

Four symmetric configurations of the surface
with respect to the local frame were additionally
considered. They differ in that they simultaneously
reverse any two frame axes while preserving the
orientation of space. The principal curvature
directions, considered as unoriented lines, and the
surface normal line remain unchanged.

The numerical verification of the construction
was considered successful when the above geometric
relations were satisfied to machine-precision accuracy.

Numerical experiment on a right helicoid
The first experiment was conducted for a right
helicoid parametrically defined by the equations
ucosv
r(u,v)=| usinv |,
cv
where ¢=0.8.
As the test point on the surface, we selected the
point corresponding to the parameter values
u, =1, v, =0.
Its Cartesian coordinates are given by
B =r(u,,v,)=(1,0,0).

At this point, the tangent direction vectors were

computed as

cosv 1 —usiny 0
r,=|sinv|={0|, r =|ucosv |=| 1
0 0 c 0.8

The coefficients of the first fundamental form
of this surface, for the selected point

E=1, F=0, G=u’"+c’=1.64
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The unit normal to the surface at the selected
point was computed as

n = (0,-0.62469505,0.78086881).

For the second fundamental form at the test
point, we obtain
c

Jul+¢c?

An analysis of the coefficients of the
fundamental forms shows that the coordinate grid on
the helicoid is orthogonal but does not coincide with
the curvature lines. In this parametrization of the right
helicoid, the principal directions bisect the angles
between the coordinate lines on the surface.

The principal curvatures of the surface were
then determined from the coefficients of the first and
second fundamental forms. Their numerical values are

k, =-0.4878048780, k&, =0.4878048780.

Since the principal curvatures are distinct, the
selected point is non-umbilic, and therefore the
principal curvature directions at this point are uniquely
determined as unoriented lines.

The principal curvature directions were
determined using the coefficients of the fundamental
forms. After normalizing the corresponding tangent
direction vectors, we obtain

e = (0.70710678, —0.55215763, —0.44172610) ,

e, =(0.70710678,0.55215763,0.44172610).

The main numerical verification results for the
local frame are presented in Table 1.

L=0, M=- =-0.6246950478, N =0.

Table 1 — Numerical verification results for the
constructed local frame of a helicoid

Verification Result
||e1 || 1.000000
||e2 || 1.000000
[le]| 1.000000
e e, ~1.0-107'°
e e, ~1.0-107"°
e, e, ~1.0-107"
o'0=1 confirmed
detO=1 1.000000
e xe, =e confirmed
e, -n 1.000000
e and e, belongs to the confirmed
tangent plane
k, (e) 0.4878048780 =k,
k, (e,) —0.4878048780 = £,
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The four variants of the symmetric arrangement
of the local frame were additionally verified. The
results are presented in Table 2. For visual assessment,
the corresponding configurations are shown in Fig. 1.

The results presented in Table 2 confirm that all
four variants are orthonormal right-handed frames
associated with the same principal curvature directions
and surface normal line. They differ only in the
orientation of the individual frame axes. Thus, the
numerical experiment on the helicoid confirms the
correctness of the proposed method for constructing
the local invariant coordinate system and demonstrates
that it admits four orientation variants.

Table 2 — Numerical verification results for the four
variants of the local frame for the helicoid example

Verification Cellse C;se C;lse Czse
IAl=lrel=lsl | v | v | v | ¥
Orthonormality N4 N4 V4 N4

0'0=1
detQ =1 1.0000 |1.000 |1.000 [1.000
Lxf=1 v v v v
Ji — principal v v v v
curvature
direction
f, — principal v v v v
curvature
direction
f, — surface v v v v
normal line
Orientation of f;  [+e, —e e e
relative toe,
Orientationof f, t+e, e, e, fte,
relative to e,
Orientation of f; e, te, e e
relative to e,
Numerical Experiment on a One-Sheet
Hyperboloid

The second numerical experiment was conducted
for a one-sheet hyperboloid parametrically defined by
the following equations:

—asinu+avcosu
r(u,v)=| acosu+avsinu |,
cv
for a=1 and c=0.8.
As the test regular point on the surface, we
selected the point corresponding to the parameter
values u,=0.3 and v,=0.7, whose Cartesian

coordinates in the global coordinate system are:
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0.0

-0.5
=

Figure 1 — Visualization of the results for the four configurations of the right helicoid with respect to the local
invariant frame: (a) Case 1, (b) Case 2, (c) Case 3, (d) Case 4.

At this point, the coefficients of the first and
second fundamental forms are given by:
E=149, F=-1, G=1.64,
L =-0.9920939900, M =0.6658348926,

Analyzing the coefficient values, we can
conclude that the coordinate grid on the surface is not
orthogonal in this parametrization, and none of the
directions tangent to the coordinate lines coincides
with a principal curvature direction.

The numerical values of the principal
curvatures determined at the test point are:

k, =—-0.6658348926,  k, =0.4612322614.

N =0.
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Based on these principal curvatures, the local
frame {el,ez,es}was constructed. The resulting unit

vectors of the local frame are
e, —(0.1781315923,0.5547056342,0.8127550647),

e, =(-0.9521118572,0.3057499163, —8.8735x10""),
e, —(0.2484997930,0.7738337342,-0.5826055310).

The main numerical verification results for the
constructed local frame are presented in Table 3.
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Table 3 — Numerical verification results for the local
frame of the one-sheet hyperboloid

Verification Result
e, 1.000000
[le, | 1.000000
lles I 1.000000
e e, -9.44.107"
e e, -2.22-107"
€, € 3.81-107"
o'o=1 confirmed
detQ =1 1.000000
e xe, =¢ confirmed
e n 1.000000
e and e, belongs to the confirmed
tangent plane
K, (e) 0.4612322614 =k,
K, (e,) —0.6658348926 = k,

Thus, the resulting vectors form an orthonormal
frame, since their norms are equal to one and their
pairwise dot products are of the order of machine
precision. Verification of the geometric meaning of the
axes showed that e, is the unit normal to the surface,

whereas e, and e, lie in the tangent plane. The errors

in verifying the principal curvature directions are
within machine precision.

As in the example of the right helicoid, four
variants of the symmetric arrangement of the local
frame were also verified. The results are analogous to
those presented in Table 2.

A visualization of the configurations of the one-
sheet hyperboloid with respect to the axes of the local
invariant coordinate system is shown in Fig. 2.

Conclusions

The novelty of the results lies in the
development of a method for constructing a local
invariant orthonormal coordinate system at an
arbitrary regular non-umbilic point of a parametrically
defined surface, in which the tangent axes are aligned
with the principal curvature directions, and the third
axis is aligned with the surface normal. This provides
a geometrically invariant representation of the local
surface orientation independent of the choice of
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parametrization and establishes a basis for its
application in geometric modeling and kinematic
surface formation.

Based on the first and second fundamental
forms, relations for determining the direction cosines
of the local frame axes and the transition matrix
between the local and fixed Cartesian coordinate
systems have been obtained. The condition for the
unambiguous determination of the tangent axes in
terms of the inequality of the principal curvatures has
been established, and four orientation variants of the
local frame that preserve the orientation of space have
been identified.

The practical significance of the results lies in
providing a local frame of reference whose orientation
is determined by the geometric characteristics of the
surface rather than by the directions of its parametric
coordinates. This makes it possible to use the proposed
frame for local geometric analysis, geometric
modeling, kinematic surface formation, and
investigation of the relative positions of geometric
objects. The obtained expressions for the direction
cosines and the transition matrix provide a direct basis
for the practical implementation of this local geometric
description.

Further research should investigate the
possibility of extending the proposed method to other
surface representations. In particular, its application to
smooth patches of piecewise-smooth spline surfaces
and to surfaces represented by polygonal meshes is of
interest. For such representations, the conditions of
regularity and smoothness, methods for determining
principal curvatures and principal curvature directions,
and the conditions for the consistent construction of
the local invariant frame within individual patches and
across their boundaries require further investigation.

Use of Al and Al-based technologies

During the preparation of the manuscript,
ChatGPT was used to check grammar and style and to
assist in searching for and structuring relevant
scientific literature. Al was not involved in the
interpretation of scientific data, formulation of
conclusions, or development of the theoretical basis of
the study. The author bears full responsibility for the
final text of the article, the results obtained, and their
scientific interpretation.
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Figure 2 — Visualization of the results for the four configurations of the one-sheet hyperboloid with respect to the
local invariant frame: (a) Case 1, (b) Case 2, (¢) Case 3, (d) Case 4
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JOKAJIbHA THBAPIAHTHA CHCTEMA KOOPIMHAT PEIYJIIPHOI TIOBEPXHI 3A
Ir'OJIOBHUMHU HATTIPSIMKAMMUM KPUBU3HU

Po3risnyTo 3amauy moOy0BH JIOKAIBHOT CHCTEMH KOOPIMHAT AJIs TApaMETPHYHO 33aH0i peryJIsipHOT MOBEPXH,
opieHTOBaHOI BiINOBiAHO 10 ii IHBapiaHTHUX T'€OMETPUYHMX XapPaKTEPUCTHK Yy 3amaHiil Touri. OOrpyHTOBaHO
JOLUTBHICTh BUKOPUCTAHHS PyXOMOTO peTiepa, 0B’ 3aHOT0 3 HOPMAJLIIO JI0 ITOBEPXHI Ta FOJIOBHUMH HAPSIMKAMH
KPHUBH3HH, OCKLTbKH HAITPSIMKHA KOOPAMHATHHX JIIHIN MapaMeTpu3ariil HOBEPXHi 3arajioM HE € OPTOrOHAILHIMH Ta
He BH3HAYAIOTHCS BUKJIIOYHO 11 reomerpiero. Ha ocHOBI mepinoi Ta apyroi GpyHIamMeHTanbHUX (OpM MOBEpXHi
BU3HAUYCHO DPIBHSHHS U 3HAXO/KCHHsI TOJIOBHUX HANPSIMKIB KPUBU3HH Ta BIAMOBIAHUX OJAWHUYHUX BEKTOPIB.
[ToOynoBaHO JOKAIBHUN OPTOHOPMOBAHHWI perep, ZBi OCi SIKOTO OpPI€HTOBaHI B3/I0BXK TOJIOBHHX HAIPSMKIB
KPHUBU3HH, a TPETs 30iraeThcs 3 OJMHUYHOI0 HOPMAJUTIO TIOBepXHi. OTPHUMAaHO CIIBBIHOIIECHHS JUIsl BU3HAYEHHS
HaNpsMHUX KOCHHYCIB MOOYIOBAaHOTO perepa Ta MaTPHIIO MEPeXoJy BiJl MOYATKOBOI JEKapTOBOI CHUCTEMH
KOOpJIMHAT JI0 JIOKAJIBHOI CHCTEMH, IOB’s3aHOI 3 T€OMETpi€l0 MOBEpXHi. BU3HAY€HO yMOBH OJHO3HAYHOCTI
moOYIOBH TaKOi CHCTEMH, 30KpeMa, HeOOXiHICTh BUKITIOUCHHS OMOUTIYHUX TOYOK, ¥ SIKUX TOJIOBHI HAIPSIMKH
KPMBU3HHM HE BH3HAYAIOTHCS OJHO3HAYHO. 3alPONOHOBAHMH Minxix 3adesredye moOy0BYy JOKAIBHOI CHCTEMH
KOOpJMHAT, TeOMETPUYHO IOB’s13aHO1 3 MMOBEPXHEIO Ta HE3aJIeXHOI BiJ BUOOpy ii mapamerpusarii, i Moxke OyTn
BUKOPHCTaHUI Yy 3aJadax TEeOMETPHUYHOTO MOJEIIOBAHHS, KiHEMaTHYHOro (OPMYBaHHS IOBEPXOHb 1
JIOCITIZPKEHHS B3aEMHOTO TTOJIOKEHHSI TeOMETPHUYHHUX 00’ €KTIB.

Knrwouosi cnoea: napamempuuno 3a0ana noGepxHs, 20J106HI HANPAMKU KPUGU3HU, 207106HI KPUGU3HU,
dynoamenmanwvni popmu noeepxmi, nHopmanbv 00 noGepxHi, NOKAAbHA cUcmeMa KOOPOUHAm, HARPAMHI
Kocunycu.
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